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OBSTRUCTED STABLE SHEAVES ON ELLIPTIC SURFACES
– CANONICAL SINGULARITIES OR NOT –
KIMIKO YAMADA
Abstract. Let X be an elliptic surface over P1 with κ(X) = 1, and M be the moduli scheme
of rank-two stable sheaves on X with c1 = 0. We look into defining equations of M at its
singularity E. When the restriction of Eη to the generic fiber of X has no rank-one subsheaf,
E is a canonical singularity of M (that is ”good” singularity), if the number of multiple fibers
of X is a few. Consequently we calculate the Kodaira dimension of M when X has just two
multiple fibers, and one of its multiplicities equals 2 and χ(OX) = 1. On the other hand,
when Eη has a rank-one subsheaf, it may be insufficient to look at only the degree-two part of
defining equations to judge whether E is canonical singularity.
1. Introduction
For an ample line bundle H on projective smooth surface X over C, there is the coarse moduli
schemeM(c2) (orM(c2, H)) of rank-two H-stable sheaves E with Chern classes (c1, c2) = (0, c2)
in Pic(X) × Z ([13]). For every point E ∈ M(c2), the completion ring O∧M,E of M(c2) at E
gives the formal universal moduli of the functor assigning deformation of E over local Artinian
C-algebra (e.g. [20, Thm. 19.3]).
Question 1.1. (1) Are M(c2) nonsingular or not?
(2) Suppose thatM(c2) has a singular point E, that is, an obstructed sheaf. How is the analytic
structure of M(c2) at E, in other words, the ring structure of O∧M,E?
(3) How is the birational structure of M(c2); for example, its Kodaira dimension κ(M)?
For example, it is known that M(c2) is nonsingular when X is K3 surface or −KX is ample.
In this paper, we shall work in the setting below.
Setting 1.2. X is a minimal surface over C whose Kodaira dimension κ(X) equals 1 and irreg-
ularity q(X) equals 0, so there is an elliptic fibration π : X → P1. Every singular fiber of X is
either rational integral curve with one node (I1) or multiple fiber with smooth reduction (mI0).
We denote the number of multiple fibers of π by Λ(X) and d = χ(OX). Fix an integer c2 > 0,
and let H be an ample line bundle which is c2-suitable (Definition 2.9).
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Any sheaf E in M(c2) induces a rank-two vector bundle Eη with degree 0 on the generic fiber
Xη, where η = Spec(k(P
1)). This can be classified into three cases (Fact 2.11):
Case I : Eη has no sub line bundle with fiber degree 0.
Case II : Eη has a sub line bundle with fiber degree 0, but Eη is not decomposable.
Case III : Eη is decomposable into line bundles with fiber degree 0.
In this classification, sheaves of Case I appear most frequently in M(c2), because Case I is an
open condition by Lemma 2.12. Recall that, by the deformation theory of sheaves (Fact 2.2),
if E is a singular point of M(c2) then b = Hom(E,E(KX))
◦ 6= 0 and
(1.1) O∧M,E ≃ C[[t1, · · · , tD+b]]/〈F1, . . . , Fb〉,
where Fi is a power series starting from degree-two terms.
Theorem 1.3 (Theorem 6.1, Proposition 8.1). Suppose that E is a singular point of M(c2)
and applies to Case I. If 7(d+ 2)/4 ≥ Λ(X) or 2 ≥ Λ(X), then the following holds:
(1) Let G be any nonzero C-linear combination of F1, · · ·Fb at (1.1) and we indicate G as
(1.2) G = t21 + · · ·+ t2R +O(3),
where O(3) are terms whose degrees are more than 2, and R is an integer depending on G.
Then R ≥ 2b+ 1.
(2) E is a canonical singularity of M(c2).
Moreover, there actually exist such obstructed sheaves on M(c2) if c2 ≫ 0.
Theorem 1.3 has an important application Theorem 7.1, as explained in Section 1.4 below.
Next let us consider obstructed sheaves applying to Case II. Sheaves of Case II appear second
frequently in the above classification from Lemma 2.12. Here we consider the case where d = 1
and Λ(X) = 2; one might say that such surfaces have the smallest number of singular fibers
and multiple fibers among all the elliptic surfaces of Kodaira dimension one, since the number
of singular fibers of type (I1) is known to be 12d. In this case, every obstructed sheaf E in
M(c2) satisfies b = 1 at (1.1), that is, (M(c2), E) is always a hypersurface singularity.
(1.3) O∧M,E ≃ C[[t1, · · · , td+1]]/〈F 〉 (F = t21 + · · ·+ t2R +O(3)).
Theorem 1.4 (Proposition 9.7, 9.9, 9.10). Assume that d = 1 and Λ(X) = 2.
(1) For any locally-free obstructed sheaf E applying to Case II, it holds that R ≥ 1 at (1.3).
(2) There actually exist locally-free obstructed stable sheaves of Case II satisfying R = 1 for
every c2 ≫ 0, when X fit one of conditions (1)–(4) in Proposition 9.10.
When c2 is sufficiently large,M(c2) is normal and its dimension equals 4c2−3d by Proposition
8.8. When an obstructed sheaf E of M(c2) satisfies R = 1, the defining equation F of M(c2)
at E (1.3) never equals its degree-two part. As a result, we can summarize as follows:
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Observation 1.5. Assume that κ(X) = 1. When we want to grasp O∧M,E at (1.1), it may be
insufficient to look only at the degree-two part of defining equations Fi. It is possible that we
have to look also into its higher-degree part.
1.2. Birational geometric property of moduli scheme. Here we consider the birational
structure of M(c2). When c2 is sufficiently large, M(c2) is normal and then its K-dimension
κ(K,M) and its Kodaira dimension κ(M) are defined (Definition 2.4(1)). We want to calculate
κ(M) because it is one of the most important birational invariants. We can calculate κ(K,M)
at Corollary 3.5 (ii) using Friedman’s work [9] as the key. It would be very favorable if all
singularities of M(c2) are canonical singularities (Definition 2.4), because κ(K,M) equals the
Kodaira dimension κ(M) in such a case. This new course also has the advantage that we
can interpret the Iitaka program of M (Fact 2.7(4)), that is a fundamental part in birational
geometry, using moduli theory as pointed out at Corollary 3.5 (ii).
Assume that E is a hypersurface singularity ofM = M(c2) as at (1.3). If R ≥ 3, then (M,E)
is a canonical singularity. If R = 2 and c2 ≫ 0, then (M,E) is a canonical singularity since
M(c2) is normal. If R ≤ 1, then one can not judge whether (M,E) is a canonical singularity
from degree-two part of F . Roughly speaking, Theorem 1.3 (2) states that an obstructed sheaf
E of M(c2) of Case I is always a canonical singularity when Λ(X) is small relatively to the
number of singular fibers of type (I1). As an application, we obtain the following theorem.
Theorem 1.6 (Theorem 7.1). In Setting 1.2, we suppose that X has just two multiple fibers
with multiplicities m1 = 2 and m2 = m ≥ 3, and d = χ(OX) = 1.
(i) If M(c2) is singular at a stable sheaf E, then E always comes under Case I in Fact 2.11,
and consequently E is always a canonical singularity of M(c2).
(ii) We consider in Setting 3.1. If c2 ≥ 3 and if M(c2) is compact (for example, c2 is odd),
then the Kodaira dimension κ(M(c2)) of M(c2) equals (dimM(c2) + 1)/2.
1.3. Contents of this paper. In Section 2, we recall background materials, including some
facts in birational geometry. In Section 3, we compare pluricanonical map Φ : M 99K |mK| with
Friedman’s map ψ : M 99K PN constructed using moduli theory (Sect. 2.5). Consequently
we calculate κ(K,M) and use ψ to understand Iitaka program of M at Corollary 3.5. In
Section 4, we obtain a sufficient condition for singularities to be canonical at Theorem 4.1.
This theorem itself is purely ring-theoretic. Applying it, we use H1(ad(f)) defined at (4.6) to
know an obstructed sheaf E is canonical singularity or not at Theorem 4.7. In Section 5, we
try to estimate H1(ad(f)) for sheaves of Type I. In Section 6, we prove Theorem 1.3 (1)(2). In
Section 7, we prove Theorem 1.6. In Section 8, we show ”actually exists” part of Theorem 1.3
at Proposition 8.1. In Section 9, we consider sheaves of type II and show Theorem 1.4.
1.4. Background and previous researches. First we mention obstructed stable sheaves.
Every torsion-free H-stable sheaf E is unobstracted if KX = 0 (K3 surfaces, Abelian surfaces)
or KX ·H < 0 ([11, Prop. 6.17.]). When X are Enriques surfaces, the author [37] showed that
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there actually exist obstructed stable sheaves, and that every such sheaf gives hypersurface
singularity (1.3) satisfying that R ≥ 2c2 − 2χ(OX). On moduli of sheaves on K3 surfaces,
singularities coming from strictly semi-stable sheaves on K3 surfaces are actively researched.
Here we just cite some references; for example, [33], [24], [39], [1], [6].
Now let X be an elliptic surface, and consider the moduli scheme M of rank-two stable
sheaves with Chern classes (c1, c2). If c1 · f = 2e + 1 is odd, then M is non-singular by [11,
Lem. 8.8.] and birationally equivalent to Hilbdim(M)/2(Je+1(X)) and κ(M) = dim(M)/2, for
κ(Je+1(X)) = 1 from [10, p.80, l.33]. About this case, we cite [10], [5], [38]. On the other
hand, in case where c1(E) = 0, κ(M) is not known although its upper bound was given at
[9, p.328]. In our case, it is more difficult to grasp the geometry of M rather than in case
where (r, c1 · f) = 1. This is because the restriction of any stable sheaf to the generic fiber
is not stable but strictly semistable in the former case, though it is stable in the latter case.
When pg(X) 6= 0, one can use induced two forms and Poisson structure on M ([28], [32], [35]).
However we can not adopt them in our case since pg(X) = 0. Therefore we take another course
as explained at Section 1.2.
Acknowledgment . The author would like to sincerely thank Professor Shihoko Ishii for infor-
mation about Elkik’s work [8], especially for Remark 2.6. The author would like to sincerely
thank Professor Masataka Tomari for giving valuable advices about Theorem 4.1 and Remark
4.2.
Notation. For a real number r, the symbol ⌈r⌉ means the smallest integer that is not less than
r, and ⌊r⌋ the largest integer that is not greater than r. A bilinear form B on a vector space
W is a symmetric linear function from W ⊗kW to k. All schemes are of locally finite type over
C. For Weil divisors, ∼ stands for the linear equivalence, and ≡ the numerical equivalence. Let
X be an integral projective surface over C. For coherent sheaves F and E on X , hi(E) means
dimH i(X,E) and exti(E, F ) means dimExti(E, F ). For a line bundle L on X , we denote the
kernel of trace map tr : Exti(E,E ⊗ L) → H i(L) by Exti(E,E ⊗ L)◦, and its dimension by
exti(E,E ⊗ L)◦.
2. Background materials
Definition 2.1. Let M¯(c2, H) be the coarse moduli scheme of S-equivalence classes of H-
semistable sheaves with Chern classes (r, c1, c2) = (2, 0, c2) ∈ Pic(X)×Z ([13]). It is projective
over C, and contains M(c2, H) as an open subscheme.
2.1. Deformation theory of stable sheaves.
Fact 2.2. [27] Let E be a stable sheaf on a non-singular projective surface. Put dimExt1(E,E) =
D + b and dimExt2(E,E)◦ = b, and let f1, . . . , fb be a basis of Hom(E,E(KX))
◦. Then the
completion ring of moduli of sheaves at E is isomorphic to C[[t1, . . . , tD+b]]/(F1, . . . , Fb). Here
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Fi is a power series starting with degree-two term, which comes from
(2.1) Ffi : Ext
1(E,E)⊗ Ext1(E,E) −→ Ext2(E,E) −→ C
defined by Ffi(α⊗ β) = tr(fi ◦ α ◦ β + fi ◦ β ◦ α) = tr(H1(ad(fi))(α) ◦ β), where H1(ad(fi)) is
defined at (4.6), and its dual map
F∨fi : C −→ Ext1(E,E)∨ ⊗ Ext1(E,E)∨ −→ Sym2(Ext1(E,E)∨).
Definition 2.3. A stable sheaf E on X is obstructed if moduli scheme of stable sheaves is
singular at E. In this case, ext2X(E,E)
0 = homX(E,E(KX))
0 6= 0.
2.2. Canonical singularities and birational classification.
Definition 2.4. (1)[22, Sect.10.5] Let D be a Q-Cartier divisor on a complete normal variety
V . The D-dimension κ(D, V ) of V is defined to be
κ(D, V ) = max{dimΦ|mD| : V 99K |mD|
∣∣ m ∈ N, mD is Cartier and h0(mD) 6= 0}.
The Kodaira dimension κ(V ) of V is κ(KV˜ , V˜ ), where V˜ is a non-singular complete variety
birationally equivalent to V . Kodaira dimension is birationally invariant. Remark κ(K, V )
does not equal κ(V ) in general.
(2)([23, Def. 6.2.4.]) A normal singularity (V, p) is a canonical singularity if (a) the Weil divisor
rKV is Cartier for some r ∈ N and (b) if f : W → V is a resolution of singularities, E1, . . . , Er
are its prime exceptional divisors and one denotes KW = f
∗(KV ) +
∑
aiEi, then ai ≥ 0.
When V is complete and has only canonical singularities, its K-dimension and its Kodaira
dimension are equal, so we need not consider desingularization V˜ of V in calculating κ(V ).
(3)([23, Def. 6.2.10.]) Let p be a singular point of a normal variety V . (V, p) is said to be
rational singularity when the following holds: Suppose V˜ is non-singular and a proper morphism
f : V˜ → V is isomorphic on some open subsets in V and V˜ . Then Rif∗OV˜ = 0 for all i > 0.
Fact 2.5. (1)([23, Cor. 6.2.15]) If the normal singularity (V, p) satisfies that KV is Cartier,
then (V, p) is a canonical singularity if and only if it is a rational singularity.
(2)([8]) Let (S, p) → (C, 0) be a flat deformation of a rational singularity (Sk(0), p), where S
and of finite type over C. By replacing S with an open neighborhood of p, one can assume that
Sk(t) has only rational singularities when t ∈ C is sufficiently close to 0.
Remark 2.6. Fact 2.5 (2) holds also when S and C are analytic varieties. The proof of Fact
2.5 (2) proceeds similarly when S is algebraic, since Hironaka’s theorem on resolution of singu-
larities and Grauert-Riemenschneider’s vanishing theorem ([23, Thm. 6.1.12]) hold in analytic
category.
Let us recall some methods and facts in birational geometry.
Fact 2.7. (1) Let V be a normal and proper variety such that KV is Q-Cartier and nef, and
that V has only canonical singularities. Then V is a minimal model.
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(2) Let D be a Cartier divisor on a projective scheme V such that n0D is base-point free for
some n0 ∈ N. Then the ring ⊕n≥0H0(V,O(nD)) is finitely generated over C, and the natural
map Φ : V → Proj (⊕n≥0H0(V,O(nD))) is a dominant morphism.
(3)(Abundance Conjecture) Let V be a variety as in (1). Then it is conjectured that |n0KV |
will be base-point free for some n0 ∈ N.
(4)(Iitaka Fibration) Let V be a variety as in (1) such that |n0KV | is base-point free for some
n0 ∈ N. Then
Φ : V → Vcan := Proj
(⊕n≥0H0(V,O(nKV )))
satisfies the following: Φ is a surjective morphism with connected fibers; mKV = Φ
∗(K) for
some ample divisor K on Vcan; κ(V ) = dimVcan; general fibers of Φ are normal varieties with
lK = 0 for some l ∈ N. We call Φ the Iitaka fibration of V onto its canonical model Vcan.
Here we just cite some references; [29](e.g. p.1, pp.4-5, Thm. 3.3.6.), [26](e.g. Def. 3.50,
Thm. 3.11, Conj. 3.12), [22, Thm. 10.7].
2.3. Line bundles on moduli of sheaves. ([21, Sect. 8]) By Luna’s e´tale slice theorem,
there is an e´tale covering S → M(c2) and a universal family E ∈ Coh(X × S) of M(c2). For
u ∈ K(X), denote χ(E⊗u), where E is a member of M(c2), by χ(u · c2). If χ(u · c2) = 0,
then detRπ1∗(E⊗π∗2(u)) ∈ Pic(S) descends to λ(u) ∈ Pic(M(c2)). So we have λ(u1(c2)) ∈
Pic(M(c2)), where kX = [OX ] − [K−1X ] ∈ K(X), x is a closed point on X , and u1(c2) =
−rkX + χ(c2 · kX) · [Ox]. Let Mgd ⊂M(c2) be the good locus of M(c2) defined at (2.4) below.
Then KMgd = λ(u1(c2))|Mgd.
2.4. Basics of elliptic surfaces. Let X be an elliptic surface over P1. By [4, III.11.2 and
V.12.2], χ(OX) = d ≥ 0 and R1π∗(OX) = O(−d). When every singular fiber of X is either
rational integral curve with one node (I1) or multiple fiber with smooth reduction (mI0), the
number of singular fibers of type (I1) is 12d ([11, p.177-178]). By Kodaira’s canonical bundle
formula [4, Thm. V.12.1], if π : X → P1 is a relatively minimal elliptic surface such that its
multiple fibers are miFi with multiplicity mi, then
(2.2) KX = π
∗OP1(−2 + d) +
∑
i
(mi − 1)Fi.
Next let us recall the Jacobian surface J(X) of X , which is an elliptic surface over P1 with
a section. From X we get an analytic elliptic surface X ′ → P1 without multiple fibers, by
reversing the logarithmic transformation ([4, Sect. V.13.]). J(X) is the Jacobian fibration of
X ′ described at [4, Sect. V.9.]. We can refer also to [12, Def. I.3.15]. Remark that χ(OJ(X))
agrees with d = χ(OX) by [12, Lem. I.3.17].
For fixed d ≥ 0, there exists an elliptic surface B over P1 with a section such that d = χ(OB)
by [12, Prop. I.4.3.]. Fix an elliptic surface B over P1 with a section, t1, . . . , tk ∈ P1 and line
bundles ξi on π
−1(ti) of order mi. Let T denote the set of (analytic) elliptic surfaces X such
that J(X) ≃ B, X has multiple fibers just over ti with multiplicities mi, and for some disk
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∆i ⊂ P1 centered at ti, X|∆i equals to the logarithmic transformation of B|∆i corresponding
to ti and ξi ([4, Sect. V.13.], [12, Sect. I.1.6.]). Then T is non-empty and its subset consisting
of algebraic elliptic surfaces is dense unless B is a product elliptic surface ([12, Thm. I.6.12.]).
By [19, Thm. B.3.4.], compact complex algebraic surfaces are projective algebraic.
Proposition 2.8. [11, p.169, Lem.5] Let f = mF be a multiple fiber of X. The the order of
the line bundle O(F )|F is m.
2.5. Stable sheaves on elliptic surfaces. Let us recall some results in [9].
Definition 2.9. [9, Def. 2.1] On any elliptic surface X , a polarization H is c2-suitable if
sign(L · f) = sign(L · H) for all L ∈ Pic(X) such that L2 ≥ −c2 and L · f 6= 0. This implies
that H is not separated from the fiber class f by any wall of type (2, 0, c2) in the nef cone of
X . Such a polarization exists by [9, Lem. 2.3.].
In Setting 1.2, we set η = Spec(k(P1)), η¯ = Spec((k(P1))), and define Xη = X ×P1 η,
Xη¯ = X ×P1 η¯. Xη¯ is a smooth elliptic curve over η¯. Any sheaf F on X induces Fη on Xη, and
Fη¯ on Xη¯.
Fact 2.10. [10, Thm. 3.3] Let E be a rank-two torsion-free sheaf with c1 = 0 on X. If Eη is
stable, then E is stable with respect to any c2(E)-suitable ample line bundle.
Fact 2.11. [9, Lem. 2.5] Let E be a rank-two sheaf on X with Chern classes (c1, c2) = (0, c2),
which is stable with respect to a c2-suitable ample line bundle H. Then one of the following
holds:
(Case I): Eη has no sub line bundle of degree zero. In this case Eη is stable, and Eη¯ is decom-
posable as
Eη¯ ≃ OXη¯(F )⊕OXη¯(−F ) on Xη¯ with deg(OXη¯(F )) = 0,
and OXη¯(F ) is not rational over k(P1). Let C → P1 be the double cover corresponding to
the stabilizer subgroup of OXη¯(F ) in Gal(k(P1)/k(P1)). Then OXη¯(F ) is rational over η′ =
Spec(k(C)) and Eη′ is η
′-isomorphic to OXη′ (F )⊕OXη′ (−F ).
(Case II): Eη has a sub line bundle with fiber degree 0, but Eη is not decomposable. In this case,
also Eη¯ is not decomposable, and there is an exact sequence
(2.3) 0 −→ OXη(F ) −→ Eη −→ OXη(F ) −→ 0
on Xη, where OXη(F ) is a line bundle of order 2 on Xη.
(Case III): Eη is decomposable into line bundles with fiber degree 0 on Xη.
Lemma 2.12. Let U1 (resp. U12) be the subset of M(c2) consisting of sheaves E which apply
to Case I (resp. Case I or Case II) in Fact 2.11. Then both U1 and U12 are open in M(c2).
Proof. E ∈M(c2) applies to Case II or III if and only if it holds that Hom(F,E) 6= 0 for some
sheaf F = O(D)⊗IW , whereD is a divisor onX such thatD·f = 0 and 0 ≤ −D2 ≤ c2(E) and
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is a closed subscheme of X such that 0 ≤ l(W ) ≤ c2(E). By [34, Lem. 2.1], |O(D) ·O(1)| ≤ dc2,
where d is a constant depending only on O(1). Thus such sheaves F form a bounded family, so
M(c2) \ U1 is closed. Next, let E → T be a T -flat family of sheaves in M(c2) applying to Case
II or III. It induces a T -flat family Eη¯ of semistable sheaves on Xη¯. For t ∈ T , Eη¯ ⊗ k(t) applies
to Case III if and only if dimk¯(P1)Hom(L⊕ L−1, Eη¯ ⊗T k(t)) ≥ 2 for some L ∈ Pic0(Xη¯). Thus
M(c2) \ U12 is closed. 
Fact 2.13. [9, Cor. 3.13] If c2 > max(2pg+1, 2pg+(2/3)Λ(X)), then general H-stable sheaves
in M(c2) are of type Case I.
By [9, Sect. 7], if X is generic and c2 > max(2(1 + pg), 2pg(X) + (2/3)Λ(X)), then there is
such a dense open set M0 of M(c2) as follows. M0 is contained in the good locus Mgd of M(c2)
defined by
(2.4) Mgd =
{
[E] ∈M(c2, H)
∣∣ ext2(E,E)0 = 0} .
Every sheaf E in M0 is locally-free and corresponds Case I in Fact 2.11, and so it induces a
double cover C → P1. T = X ×P1 C is non-singular, and gives a double cover ν : T → X . The
decomposition of Eη′ at Case I extends to an exact sequence on T
(2.5) 0 −→ OT (D) −→ ν∗E −→ OT (−D)⊗ IZ −→ 0,
and E is isomorphic to ν∗OT (−D).
The Jacobian surface J(X) has a natural involution defined by ×(−1), and its quotient
is a smooth ruled surface F2k → P1 called the k-th Hirzebruch surface [4, p. 140], where
k = pg + 1. The divisor D at (2.5) induces a morphism C → J(T ). The composition of
this and J(T ) → J(X) → F2k is invariant under Gal(k(C)/k(P1))-action, so it induces a
morphism P1 → F2k, which is a section A of F2k → P1. This A belongs to a linear system
|σ + (2k + r)l| ≃ P2c2−2pg−1 of F2k, where σ is a section of F2k with σ2 = −2k. Thereby we
get a morphism ψ : M0 → P2c2−2pg−1 sending E to A. In fact, this is a surjective map onto a
nonempty open subset U ⊂ P2c2−2pg−1. For detail, refer [9, p.328]. We recall statements in [11,
Sect. 7]. There are a U -flat subscheme C ⊂ U×J(X) and T = C×P1X such that U -flat family
T → C parametrizes T = C ×P1 X → C above. For some normal finite cover U ′ → U , there
is a line bundle O(D) on T ′ = T ×U U ′ which parametrizes OT (D) at (2.5). In the relative
Picard scheme Pic(T ′/U ′), there is a subscheme Pics(T ′/U ′) as follows by [9, p. 329]. Denote
the fiber of T ′ → C ×U U ′ and Pics(T ′/U ′) → U ′ over u′ ∈ U ′ by T → C and Pics(T ). By
[9, Lem. 7.4], Pic0(T ) is isomorphic to Pic0(C), and Pics(T ) is a principal homogeneous space
under a group Picτ (T ), which has a natural exact sequence
(2.6) 0 −→ Pic0(T ) −→ Picτ (T ) −→ G −→ 0,
where G is a finite subgroup of H2(T,Z)tors. We have a vector bundle over X × Pics(T ′/U ′)
(2.7) V = q∗(π∗1OT ′(−D)⊗ L−1),
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where L is the Poincare bundle of Pics(T ′/U ′), π1 : T ′ ×U ′ Pics(T ′/U ′) → T ′ is natural
projection, and q : T ′ ×U ′ Pics(T ′/U ′)→ X × Pics(T ′/U ′) is induced by T ′ → T → U ×X .
Fact 2.14. [9, Cor.7.3] V gives an isomorphism Pics(T ′/U ′)/ ∼ → M0, where ∼ is the equiv-
alence relation on U ′ defined by U ′ → U .
3. The K-dimension of moduli scheme of sheaves
Setting 3.1. An elliptic surface X with κ(X) = 1 is generic, that is, it lies outside of a countable
union of proper subvarieties of the parameter space. Fix a compact polyhedral cone S in the
closure of the ample cone Amp(X) of X such that S ∩ ∂Amp(X) ⊂ RKX . H is c2-suitable and
belongs to S.
Lemma 3.2. Assume that the good locus Mgd of M(c2, H) defined at (2.4) satisfies that
codim(M¯(c2, H) \Mgd, M¯(c2, H)) ≥ 2; this assumption holds if S and H satisfy Setting 3.1
and if c2 is sufficiently large w.r.t. X and S. Then M¯(c2, H) is of expected dimension, locally
normal, l.c.i., and M(c2, H) is dense in it. The canonical class KM¯ of M¯(c2, H) is Q-Cartier
and
KM¯ = λ(u1((2, 0, c2))) = λ(−2kX) in Pic(M¯(c2, H))Q,
where λ(−2kX) appeared in Subsection 2.3.
Proof. Fix a polarizationH0 ∈ S. By [28], if c2 is sufficiently large w.r.t. H0, then codim(M¯(c2, H0)\
Mgd, M¯(c2, H0)) ≥ 2. If c2 is sufficiently large w.r.t. S, then M(c2, L) are mutually isomorphic
in codimension one for every L ∈ S by [36, Lem. 2.4.], and thus the first statement is valid.
Then the second statement follows from Subsection 2.3, since χ(c2 · kX) = 0. 
On the Gieseker-Maruyama compactification M¯ ′(c2) of M(c2), O(n0λ(−2kX)) is base-point
free for some n0 ∈ N by [21, p.224], and so there is a morphism Φλ : M¯ ′(c2) → N ′(c2) :=
Proj
(⊕n≥0H0(M¯,O(nλ(−2kX)))) by Fact 2.7 (2).
Proposition 3.3. LetM0 be the open subset ofM(c2) in Section 2.5, ψ : M0 → U the morphism
recalled at Subsection 2.4, M¯ ′(c2) an irreducible component of M¯
′(c2), N
′(c2) = Φλ(M¯
′(c2)),
and M ′0 = M¯
′(c2) ∩M0. By the Stein factorization, we factor ψ : M ′0 → U into g ◦ ψ˜, where
ψ˜ : M ′0 → V is a projective morphism with connected fibers, and g : V → U is finite. Then V
is normal and there is a quasi-finite morphism j : V → N ′(c2) such that
(3.1) M ′0


ψ˜
❄
❄
❄
❄
❄
❄
❄
❄
ψ

M¯ ′(c2)
Φλ

U V
g
oo
j
// N ′(c2)
is commutative. When M¯ ′(c2) is integral, let n(j) : V → n(N ′(c2)) denote the normalization of
j. Then n(j) is an open immersion.
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Proof. We shorten Φλ to Φ. Let us show that λ(−2kX)|Z = 0 for any fiber Z of ψ′. Let Fj run
over the set of all multiple fibers of X and mj is the multiplicity of Fj . By (2.2), one can verify
in K(X) that
(3.2) kX = OX −O(−KX) = (d− 2)Of +
∑
j
mj−2∑
i=0
O(−iFj)|Fj ,
since Of ·OFj = 0 and OFj ·OFk = 0 when j 6= k. Because of Section 2.5, Lemma 3.2 and (3.2),
we have a morphism ι : Pics(T ′/U ′)→M0, a sheaf V on X×Pics(T ′/U ′) defined at (2.7). Now
we pick a point u′ ∈ U ′ over u ∈ U , and restrict these to the fiber over u′; we shall abbreviate
“(·)×U ′ k(u′)” to “(·)u′”. Denote T ′u′ by T , that has a double covering map ν : T → X . Then
we can regard Pics(T ′/U ′)u′ = Pics(T ) as a subscheme ofM0, and Z as a connected component
of Pics(T ). Vu′ = ν∗(OT (−D)⊗L|−1u′ ) is a sheaf on X × Pics(T ), and
(3.3) λ(−2kX)|Pics(T ) = 2(2− d) detRπ2∗(Of ⊗ Vu′)
−
∑
j
mj−2∑
i=0
2 detRπ2∗(OFj(−iFj)⊗ Vu′)
by virtue of (3.2). Now we take any multiple fiber F of X . Because of the definition ofM0 at [9,
p.328], ν : T → X is unramified near F and thereby it holds either that (i) ν−1(F ) is splitting
as F (1)
∐
F (2), or that (ii) ν−1(F ) is connected and ν : ν−1(F ) → F is e´tale. We consider in
Case (i); the proof goes similarly in Case (ii). A line bundle Lu′|F (k) on F (k) × Pics(T ) gives a
morphism τk : Pic
s(T )→ Pic(F (k)).
Claim 3.4. The set τk(Z) is a point. Thus L|F (k)×Z is isomorphic to π∗1(Lk) ⊗ π∗2(OZ(Gk)),
where Lk and O(Gk) are line bundles on F (k) and Z, respectively.
As reviewed in Subsection 2.5, Lu′ is a Poincare bundle of Pics(T ), and Z is a principal
homogeneous space under a group Pic0(T ), that is isomorphic to Pic0(C). Thereby Ls1|F (k) ≃
Ls2|F (k) for s1, s2 ∈ Z, and then we get Claim 3.4. Because of this claim, it holds that for the
projection π2 : F × Z → Z
detRπ2∗(OF (−iF )⊗ V|Z) =
⊗2k=1 detRπ2∗
(
π∗1
(OX(−iF )⊗OT (−D)|F (k) ⊗ Lk)⊗ π∗2(OZ(Gk))) = ⊗2k=1R(k)OZ(Gk),
where R(k) = χ(F (k),OX(−iF ) ⊗ OT (−D)|F (k) ⊗ Lk). However, the degree of OX(−iF ) ⊗
OT (−D)|F (k) ⊗Lk is zero by its construction, so R(k) = 0. From (3.3), we get λ(−2kX)|Z = 0.
Fibers of ψ˜ are connected Abelian varieties with the same dimension as mentioned in Sect.
2.5. From the base change theorem [19, Thm. III.12.9] and the fact λ(−2kX)|Z = 0 for fibers
Z of ψ˜, one can check that ψ˜∗(O(λ(−2k))) is a line bundle on V , ψ˜∗(O(λ(−2k))) ⊗V k(t) ≃
H0(ψ˜−1(t), λ(−2k)|k(t)) for t ∈ V , and a natural map ψ˜∗ψ˜∗(λ(−2kX))→ λ(−2kX)|M0 is isomor-
phic. As a result, λ(−2kX)|M ′0 ≃ ψ˜∗LV with a line bundle LV on V , andH0(M ′0, nλ(−2kX)|M ′0) =
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H0(M ′0, ψ˜
∗(nLV )) = H
0(V, ψ˜∗OM ′0 ⊗ nLV ) = H0(V, nLV ). Thereby a finite-dimensional sub-
space W (n) ⊂ H0(V, nLV ) defines a rational map |W (n)| : V 99K PN such that |W (n)| ◦ ψ˜ :
M ′0 → V 99K PN equals to the restriction of |nλ(−2kX)| : M¯ ′(c2) → PN to M ′0. When n is
sufficiently large and divisible, one can check that |W (n)| gives such a morphism j as (3.1) is
commutative.
Suppose that s1, s2 ∈ M ′0 satisfies that ψ(s1) 6= ψ(s2). By the definition of ψ ([9, p.307,
(4.5)]), the restriction of Es1 , Es2 to general fiber of X → P1 are semistable but not S-
equivalent. Then [21, p.224] deduces that some element of Γ(M¯ ′(c2), Nλ(−2kX)) separates s1
and s2, and thus Φ(s1) 6= Φ(s2). Accordingly, it holds for any s ∈M ′0 that
(3.4) ψ−1(ψ(s)) ⊃ Φ−1(Φ(s)) ⊃ ψ˜−1(ψ˜(s)).
ψ˜−1(ψ˜(s)) is a connected component of ψ−1(ψ(s)) by the definition of ψ˜, so j is quasi-finite.
Since M ′0 is non-singular, ψ˜ factors as n(ψ˜) :M
′
0 → n(V ) and natural morphism ι : n(V )→ V .
By the construction of ψ˜, OV = ψ˜∗OM ′0 = ι∗(n(ψ˜)∗OM ′0) ⊃ ι∗On(V ) ⊃ OV . This deduces that
ι∗On(V ) = OV , so ι is isomorphic and V is normal. When M¯ ′(c2) is integral, general fiber of
Φ is connected by [22, Thm. 10.3], and then Φ−1(Φ(s)) ⊃ ψ˜−1(ψ˜(s)) for general s ∈ M ′0 by
(3.4), so j is generically injective. N ′(c2) is integral so its normalization n(N
′(c2)) is defined,
and j and Φ induce their normalization n(j) : V → n(N ′(c2)) and n(Φ) : M¯ ′(c2) → n(N ′(c2))
such that n(j) ◦ ψ˜ : M ′0 → n(N ′(c2)) equals n(Φ)|M ′0 . Every fiber of n(Φ) is connected from
[22, Thm. 10.3] and [16, Cor. 4.3.12], and thereby n(j) is injective. By [19, Thm. III.10.7]
n(j) is generically smooth, so n(j) is birational by [17, Thm. 17.9.1] and then n(j) is an open
immersion by [16, Cor. 4.4.9.]. 
Corollary 3.5. In Setting 3.1, the following holds:
(i) Let M¯ ′(c2) ⊂ M¯(c2) be arbitrary connected component of the Gieseker–Maruyama com-
pactification of M(c2). When c2 > max(2(1 + pg), 2pg(X) + (2/3)Λ(X)), M(c2) is of expected
dimension, generically smooth, and κ
(
λ(−2kX), M¯ ′(c2)
)
= (dimM(c2) + 1− pg(X))/2.
(ii) Suppose c2 is sufficiently large w.r.t. X and S. Then conclusions in Lemma 3.2 hold and
M¯(c2) is irreducible. The abundance (Fact 2.7 (3)) holds on M¯(c2). Let ψ˜ be the morphism at
Prop. 3.3, which is obtained from the Stein factorization of Friedman’s morphism ψ in Sect.
2.5, and Φ = Φ|mK| for a large and divisible number m ∈ N. Then there are a normal variety
V and a morphism j such that
(3.5) M0


ψ˜
❄
❄
❄
❄
❄
❄
❄
❄
ψ

M¯(c2)
Φ

U V
g
oo
j
// M¯(c2)can
is commutative and that its normalization n(j) : V → n(M¯(c2)can) is an open immersion. For
a general member E of M(c2), Φ
−1Φ(E) equals the connected component of{
E ′ ∈M(c2)
∣∣ E ′|f ≃ E|f for general fiber f of π}
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containing E. It is the Jacobian of a hyperelliptic curve. The K-dimension κ
(
K, M¯(c2)
)
equals
(dimM(c2) + 1− pg(X))/2.
(iii) In addition to the assumptions in (ii), suppose that all singularities of M¯(c2) are canonical.
Then the Kodaira dimension κ
(
M¯(c2)
)
is (dimM(c2) + 1− pg(X))/2.
Proof. (i) As reviewed at Section 2.5, M0 is open and dense in M(c2), and is contained in the
good locusMgd ofM(c2), so M(c2) is of expected dimension. From Proposition 3.3 and Section
2.5, κ
(
λ(−2kX), M¯ ′(c2)
)
= dimΦλ equals dimψ = dim(U) = 2c2+2pg−1 = (expdim(M(c2))+
1− pg)/2. Item (ii) results from (i), Lemma 3.2, Prop. 3.3 and its foremost part, Fact 2.7 (4),
Prop. 8.8 and [9, p.328, line 22]. Item (iii) results from (ii) and Defn. 2.4 (2). 
4. A sufficient condition for singularities to be canonical
Theorem 4.1. Let (R, p) be a local ring that is smooth over C and I be its ideal generated by
f1, . . . , fk ∈ m2p. Let Bg designate the bilinear form on (mp/m2p)∨ induced by an element g of
m2p. Suppose that any nonzero C-linear combination g of f1, . . . , fk satisfies rkBg ≥ 2k + 1.
Then R/I is c.i., normal, and p is its canonical singularity.
Remark 4.2. After this section was written, Prof. Masataka Tomari kindly teached to the
author that, by using a-invariant mentioned in [15], one can prove Theorem 4.1 in another
way. The proof presented here is not so long, and so elementary that one can read it without
advanced knowledge on ring theory. Thus we here adopt this proof without change.
Proof. Let R∧ be the completion of R at p, and let R∧[z] denote R∧⊗C[z]. Since R is smooth
over C, R∧ is isomorphic to the formal power series ring C[[x1, . . . , xN ]]. We can regard fi as
a power series fi(x1, . . . , xN), and then put fi(zx1, . . . , zxN )/z
2 as f¯i, which belongs to R
∧[z]
since fi ∈ m2p. Then one can define a ideal I = 〈f¯1, . . . , f¯k〉 of R∧[z] and a ring S = R∧[z]/I
over C[z]. For z0 ∈ A1, we denote the fiber of R∧[z], f¯i(z) ∈ R∧[z] (resp. S) over C[z]→ k(z0)
as R∧[z0], f¯i(z0) (resp. Sk(z0)).
Remark 4.3. If z0 ∈ A1 is not zero, then the correspondence xi 7→ z0xi gives the isomorphism
of Sk(z0) and Sk(1), that is simply the completion of R/I at p.
Claim 4.4. S is flat over C[z], and its fibers are of dimension N − k and normal.
Proof. f¯i(0) ∈ R∧ is degree-two homogeneous polynomial with variables xi, so we can define a
closed subscheme S of AN as S = Spec(C[x1, . . . , xN ]/〈f¯1(0), . . . , f¯k(0)〉). The singular locus of
S is contained in
R<k =
{
a ∈ AN ∣∣ rk(∂f¯i(0)(a)/∂xj)i,j ≤ k − 1} ,
where (∂f¯i(0)(a)/∂xj)i,j is the Jacobian matrix of S at a ([23, Thm. 4.1.7.]). If a ∈ R<k, then
there is a C-linear combination g 6= 0 of f¯i(0) such that
(4.1) t(∂g(a)/∂x1, . . . , ∂g(a)/∂xN ) = 0.
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Let V denote the C-vector space spanned by f¯i(0) (i = 1, . . . , k), and define the set
P(V ∨)× AN ⊃W := {(g, a) ∣∣ ∂g(a)/∂xi = 0 (1 ≤ ∀i ≤ N).}
By (4.1), it holds that dimW ≥ dimR<k ≥ dimSing(S). For g ∈ V , the inverse image of
[g] ∈ P(V ∨) by W ⊂ P(V ∨) × AN pi1−→ P(V ∨) is of dimension N − rk(Bg), where Bg is the
bilinear form induced by degree-two homogeneous polynomial g, since one can present g as
g = x21 + . . . x
2
rkB(g) by choosing xi suitably. Moreover, rk(Bg) ≥ 2k + 1 by assumptions in
Theorem 4.1. Thus dimW ≤ k − 1 +N − (2k + 1) = N − k − 2, and then
dimS − dimSing(S) ≥ dimS − dimR<k ≥ N − k − (N − k − 2) = 2.
Hence S is regular in codimension one, and of dimension N−k. Because Sk(0) is the completion
of S at p, Sk(0) is regular in codimension one, of dimension N−k, and so is normal by [30, Thm.
23.8]. From the upper-semicontinuity of dimension of fibers, openness of regularity and Remark
4.3, Sk(z0) is of dimension N − k, regular in codimension one and normal for all z0 ∈ A1. 
Now let us show Theorem 4.1 by induction on k. When k = 0, R/I is non-singular at p
and the statement is obvious. Next, suppose that this theorem is true when k ≤ k0 − 1. From
Fact 2.5 and Remark 2.6, we only have to show that (R/I, p) is a canonical singularity when
k = k0, R = C[x1, . . . , xN ], p = (0, . . . , 0) =: 0N ∈ Spec(R) and fi are degree-two homogeneous
polynomial by the same reason as in the proof of Claim 4.4. The ideal of R = C[x1, . . . , xN ]
generated by ∂fi/∂xj (1 ≤ i ≤ k0, 1 ≤ j ≤ N) defines a non-singular closed subscheme S of
Spec(R/I). Let ψ : U1 → U = Spec(R) be the blowing-up along S, and let σ : M1 → M =
Spec(R/I) be the strict transform of Spec(R/I).
Claim 4.5. Every point q of σ−1(0N) is at worst a canonical singularity of M1.
Proof. By using terms at [19, Prop. II.2.5.] U1 is covered by D+(∂fi/∂xj), where 1 ≤ i ≤
k0, 1 ≤ j ≤ N . By choosing xi fitly, one can describe f1 as f1 = x2l + · · · + x2N , and the
ideal of the center S as IS = 〈xl′ , . . . , xN 〉, where l′ ≤ l ≤ N . We shall show this claim on
D+(∂f1/∂xN ) = D+(xN ). D+(xN ) is an affine scheme with ring
R1 = C[x1, . . . , xl′−1, yl′, . . . , yN−1, xN ] (yj = (xj/xN ) for l
′ ≤ j ≤ n− 1).
Let f˜i ∈ R1 denote the strict transform of fi. When i = 1, it holds that
(4.2) f˜1 = 1 + y
2
l + · · ·+ y2N−1 = f1/x2N .
When i ≥ 2, one can describe fi = z21 + . . . z2ri , where zj are C-linear combinations of x1, . . . , xN
and linearly independent. In fact zj are linear combinations of xl′ , . . . , xN .
Thereby f˜i equals fi/x
2
N , and is a polynomial with variables yl′, . . . , yN−1 of degree ≤ 2. One
can assume that f˜i(yl′, . . . yN−1) satisfies f˜i(0, . . . , 0) = 0 by replacing f˜i to f˜i+λf˜1 if necessary.
Take any closed point q = (ql′ , . . . , qN−1) of σ
−1(0N) ⊂ ψ−1(0N) = Spec(C[yl′, . . . , yN−1]).
It holds that f˜i(q) = 0 for i = 1, . . . , k since f˜i obviously belongs to the ideal of M1 ⊂ U1.
By (4.2), one can pick some m with 1 ≤ m ≤ k such that f˜1, . . . , f˜m are linearly independent
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in mq/m
2
q and that f˜m+1, . . . f˜k ∈ m2q , where mq means the maximal ideal of q ∈ ψ−1(0N) in
U1. In case where m < k, let us look over fL (m < L ≤ k) further. In describing fL as
fL =
∑
l′≤i,j≤N λijxixj , remark that λNN = 0 since f˜l(0, . . . , 0) = 0. Since one can replace
xl′ , . . . , xN−1 by the natural action of GL(N − l′), one can express fL as
fL =λN,N−1 · xN−1xN +
∑
l′≤i≤N−2
λi · x2i (λN−1,N 6= 0) or
fL =
∑
l′≤i≤N−1
λi · x2i .(4.3)
However, in the former case, one can check that f˜L is everywhere non-singular, and thus it
can not belong to m2q . This is contradiction, and so fL is expressed as in (4.3). Then f˜L =∑N−1
i=l′ λi · y2i , and besides f˜L =
∑N−1
i=l′ λi · (yi − qi)2 since f˜L ∈ m2q. Thus rkB˜L = rkBL, where
BL is the bilinear form on (m0/m
2
0)
∨ induced by fL, where m0 is the ideal of 0 ∈ U , and B˜L is
the bilinear form on (mq/m
2
q)
∨ induced by f˜L, where mq is the ideal of q ∈ U1. Thereby, for the
quotient vector space V of mq/m
2
q by 〈f˜1, . . . , f˜m〉C,
rkB˜L|V + 2m ≥ rkB˜L = rkBL ≥ 2k + 1 for all L such that m < L ≤ k
from Remark 4.6 below and assumptions in Theorem 4.1. In such a way, we can show the
following:
(*) Let g˜ be any nonzero C-linear combination of f˜m+1, . . . , f˜k. Since g˜ belongs to m
2
q, it
induces a bilinear form on V ∨, and then its rank is 2(k −m) + 1 or more.
Because of the choice of m, R′1 := R1,q/〈f˜1, . . . , f˜m〉 is a regular local ring. Since k −m < k,
the local ring R′1/〈f˜m+1, . . . , f˜k〉 = R1,q/〈f˜1, . . . , f˜k〉 is c.i., normal, and its closed point q is at
worst its canonical singularity by inductive hypothesis and the fact (*). A natural surjective
map R1,q/〈f˜1, . . . , f˜k〉 → OM1,q is isomorphic, since they are integral and some their nonempty
open subsets are birational to M . Consequently we obtain Claim 4.5. 
Next, let us calculate KM1 − σ∗(KM). Concerning ψ : U1 → U with exceptional divisor E, it
holds that
(4.4) KU1 − ψ∗(KU) = (dimU − 1− dimS) · E
by [23, Thm. 6.1.7.]. Because M (resp. M1) is a l.c.i. and normal subscheme of the nonsingular
scheme U (resp. U1) by Claim 4.4, and because xN is the generator of the ideal of E on D+(xN ),
the adjunction formula deduces that
(4.5) O(KM) = O(KU +
k∑
i=1
〈fi〉)
∣∣∣
M
and O(KM1) = O(KU1 +
k∑
i=1
〈f˜i = (fi/ι2E)〉)
∣∣∣
M1
,
where ιE is a generator of the ideal of E. From (4.4) and (4.5), KM1 − σ∗KM = (dimU −
1 − dimS − 2k)E. By its definition, S is contained in Sing(f1), so dimS ≤ dimSing(f1) ≤
dimU − (2k + 1) from assumptions in Theorem 4.1, and hence dimU − 1 − dimS − 2k ≥ 0.
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Accordingly the divisor KM1 − σ∗(KM) is positive, and thereby p is a canonical singularity of
M from Claim 4.5. We have completed the proof of Theorem 4.1. 
Remark 4.6. Let W be a C-vector space, V a quotient vector space of W , B be a bilinear form
on W∨ and B|V the induced bilinear form on V ∨. Then rkB|V + 2(rkW − rkV ) ≥ rkB.
Proof. We verify this when rkW − rkV = 1; In general case, one can show this by induction
on rkW − rkV . Let w be the generator of Ker(W → V ). If B(w,w) = λ 6= 0, then W is
naturally identified with C · w ⊕ KerB(w, ·), and B is naturally decomposed into λ id⊕B|V ,
and so rkB ≤ 1 + rkB|V . If B(w,w) = 0, then one can express B as a matrix
 0 0 ∗0 ErkB|V 0
∗ 0 0


according to W ≃ C · w ⊕ V , and thus rkB ≤ rkB|V + 2. 
Theorem 4.7. Let E be a stable sheaf on a non-singular projective surface. Suppose that any
non-zero homomorphism f ∈ Hom(E,E(KX))◦ satisfies that the rank of
(4.6) H1(ad(f)) : Ext1(E,E)→ Ext1(E,E(KX)) (α 7→ f ◦ α− α ◦ f)
is 2 ext2(E,E)◦ + 1 or more. Then the moduli scheme of stable sheaves on X is l.c.i., normal
at E and E is at worst its canonical singularity.
Proof. This results from Theorem 4.1 and Fact 2.2. 
5. Rank of H1(ad(f)) in Case I
Let E be a singular point of M(c2) and hence there is a non-zero traceless homomorphism
f : E → E(KX).
Definition 5.1. Let B denote the largest effective divisor on X such that f splits into f :
E∨∨ → E∨∨(KX − B) →֒ E∨∨(KX), where the latter map is a natural injection. Since H is
c2-suitable, B is supported on fibers of π, and so it is a rational multiple of f by Setting 3.1.
Here we make the following assumption.
Assumption 5.2. The sheaf E comes under Case I in Fact 2.11.
We try to estimate the rank of H1(ad(f)) : Ext1(E,E) → Ext1(E,E(KX)) from below in
view of Theorem 4.7.
Lemma 5.3. Under Assumption 5.2, any non-zero traceless homomorphism f : E → E(KX)
satisfies that det(f) 6= 0.
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Proof. If det(f) = 0, then f 2 = 0 by Hamilton-Caylay’s theorem. Thus we have a natural
injection Im(f) ⊂ Ker(f)(KX), Ker(f) and Im(f) are of rank one, and so their fiber degrees
are zero by c2-suitability of H , but this contradicts to Assumption 5.2. 
We can split det f ∈ Γ(O(2KX)) as det f = ατ 2, where B′ is an effective divisor on X ,
τ = τB+B′ ∈ Γ(O(B + B′)) is the natural section, a line bundle L = O(KX − B − B′) on X ,
and α ∈ Γ(X,L2) is square-free. Remark that B′ ∈ Q · f by Setting 3.1. By [4, Sect. I.17],
α induces a flat double covering ν0 : Y0 → X from a normal surface Y0 and a section s in
Γ(Y0, ν
∗
0L) such that s2 + ν∗0α = 0. The divisor Z(s) given by s is locally integral since the
support of α is so by Setting 1.2. Remark that Y0 is connected, since α has no square root in
Γ(X,L) from Assumption 5.2. Recall η′ and C at Fact 2.11. By their definitions, Y0η¯ is defined
over η′, so there is a morphism Y0η → η′, and it extends to Y0 → C since C → P1 is finite and
Y0 is normal. Let φ : Y → Y0 be the canonical resolution of singularities ([4, Sect. III.7]).
(5.1) Y0η //

Xη

Y
φ
// Y0
ν0 //
piC

X
pi

η′ // η C
ν′ // P1
Denote ν0 ◦φ by ν : Y → X . Note that πC : Y → C is an elliptic fibration, and that Y0 (C and
Y , resp.) has a natural action σ of Z/2, since it is a double covering over X (P1 and a blowing
up of X , resp.).
Lemma 5.4. (i) Every singularity of Y0 is rational (Defn. 2.4).
(ii) KY = ν
∗(KX ⊗L) and χ(OY ) = 2χ(OX) = 2d.
(iii) Every Weil divisor on Y0 is Cartier.
Proof. (i) results from [4, Prop. III.3.4, Thm. III.7.1], and (ii) does from [4, Sect. V.22]. As
to (iii), let D be a positive Weil divisor on Y0. Since Y0 \ Z(s) is non-singular, for any p ∈ Y0,
one can find some open set p ∈ U such that Z(s) ∩ U is integral and D|U\Z(s) is given by
λ ∈ S−1A(U), where S is the multiplicative set generated by s. Then slλ belongs to a Cartier
divisor D0 on U for some l ∈ Z. Since D −D0|U\Z(s) = 0, D −D0 = nZ(s) for some n ∈ Z by
[19, Example II.6.6.2], and thus D = D0 + nZ(s) is a Cartier divisor on U . 
Remark 5.5. If singular fibers on X are (Ik) (not necessarily (I1)) or (mI0), then 2D is Cartier for every Weil
divisor D on Y0 (cf. [19, Example II.6.5.2.]).
Since ν∗0f has eigenvalues ±sτ , we have two exact sequences on Y0:
(5.2) 0 −→ F± := Ker(ν∗0f ± sτ) −→ ν∗0E −→ G± := Im(ν∗0f ± sτ) −→ 0.
Since (ν∗0f)
2−s2τ 2 = (ν∗0f)2+det f = 0 by theorem of Hamilton-Cayley, G± naturally becomes
a subsheaf of F∓(KX). Let D be the first Chern class of F−, that is a Cartier divisor by Lemma
5.4.
OBSTRUCTED STABLE SHEAVES 17
Lemma 5.6. We have a natural Z/2-equivariant isomorphism D + σ(D) + KX − B = 0 in
Pic(Y0). Here Z/2 acts on D + σ(D) naturally, and on KX − B and O trivially.
Proof. Assume that E is locally free; the proof goes similarly in general case. For a natural
section τB′ ∈ Γ(X,O(B′)), ν∗0f + sτB′ : ν∗0E → ν∗0E(KX − B) splits into ν∗0E → G+ →֒
F−(KX − B) ⊂ ν∗0E(KX − B). Since c1(G+) = −σ(D) and c1(F−(KX − B)) = D +KX − B,
the divisor D + σ(D) +KX −B is represented by a positive one. If D + σ(D) +KX − B 6= 0,
then ν∗0f + sτB′ |C should be zero for some prime effective divisor C on Y0. Remark that
C + σ(C) descends to a divisor C0 on X . The restriction of ν
∗
0f + sτB′ to F− agrees with
(×2sτB′) : F− → F−(KX − B), and thus also the restriction sτB′ ∈ Γ(Y0,O(KX − B)) to C is
zero. Hence ν∗0f |C itself is zero. In case where C 6= σ(C), also ν∗0f |σ(C) is zero, and thereby
f |C0 is zero. In case where C = σ(C), C is contained in the ramification locus of ν0, that
is Z(s). By its definition Z(s) is reduced, and Z(s) is locally irreducible since every fiber of
X is irreducible. Since Z(s) is locally integral and C is prime, C agrees with a connected
component of Z(s) as subschemes. From this one can check that ν∗0f |2C is zero, and hence
f |C0 is zero. In each cases the restriction of f : E → E(KX − B) to C0 is zero, which
contradicts to the choice of B. Therefore ν∗0f+sτB′ : G+ ⊂ F−(KX−B) induces an isomorphism
ι : O(−σ(D)) ≃ O(D +KX − B). Moreover, since σ(ν∗0f + sτB′) = ν∗0f − sτB′ , one can verify
σ(ι(a)) = σ(ι)(σ(a)) for any local section a of G+. Thus ι is Z/2-equivariant. 
Remark 5.7. For the generic point η′ → C, the degree of line bundles O(D)η′ and O(σ(D))η′
on Yη′ are zero or less, since Eη′ is semistable. Because of Lemma 5.6, the degree of them are
zero. Thus, for πC : Y → C and every closed point q ∈ C, reduced Hilbert polynomials of
O(−2D +B)pi−1
C
(q) and O(2D +KX)pi−1
C
(q) equal to that of Opi−1
C
(q).
The natural map ad(f) : HomX(E,E) → HomX(E,E(KX)) defined by ad(f)(a) = f ◦ a−
a ◦ f induces the following distinguished triangle (d.t.) in Db(X)
(5.3) RHomX(E,E)
ad(f)−→ RHomX(E,E(KX)) −→Mc(ad(f)) −→ ·,
where Mc means mapping cone. By applying the functor RΓX(·) to this d.t., we get the
following d.t. in Db(C).
RHomX(E,E)
ad(f)−→ RHomX(E,E(KX)) −→ RΓX(Mc(ad(f))) −→ ·
LetH i(ad(f)) : Exti(E,E)→ Exti(E,E(KX)) andHi(ad(f)) : Exti(E,E)→ Exti(E,E(KX))
denote homomorphisms induced by ad(f). This d.t. leads to an exact sequence:
0 −→ Hom(E,E) H
0(ad(f))−→ Hom(E,E(KX)) −→ H0(Mc(ad(f)))
−→ Ext1(E,E) H
1(ad(f))−→ Ext1(E,E(KX)).
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Since E is stable, one can check from this exact sequence that
(5.4) rk
(
H1(ad(f)) : Ext1(E,E)→ Ext1(E,E(KX))
)− 2 ext2(E,E)0
= −χ(E,E) + 2pg(X)− h0(Mc(ad(f))).
We shall look at h0(Mc(ad(f))) further. Since RHomX(E,E) belongs to D
[0,1](X), Mc(ad(f))
does to D[−1,1](X), and so Mc(ad(f))[−1] does to D[0,2](X). By exact sequences associated
with spectral sequences [7, Thm. 5.12], we have an exact sequence
0 −→ H1(H−1(Mc(ad(f)))) −→ H0(Mc(ad(f))) −→ H0(H0(Mc(ad(f)))), and hence
(5.5) h0(Mc(ad(f))) ≤ h1(H−1(Mc(ad(f)))) + h0(H0(Mc(ad(f)))).
The d.t. (5.3) induces a long exact sequence in Coh(X):
(5.6) 0 −→ H−1(Mc(ad(f))) −→ Hom(E,E) H
0(ad(f))−→ Hom(E,E(KX)) −→
H0(Mc(ad(f))) −→ Ext1(E,E) H
1(ad(f))−→ Ext1(E,E(KX)) −→ H1(Mc(ad(f))) −→ 0.
Now, ad(f) and the map f+ : HomX(E,E)→ HomX(E,E(KX)) defined by f+(a) = f ◦a+a◦f
give exact sequences in Coh(X):
0 −→ F = Ker(ad(f)) −→ End(E) −→ G = Im(ad(f)) −→ 0,(5.7)
0 −→ R = Ker(f+) −→ End(E) −→ Q = Im(f+) −→ 0.
From (5.6) and (5.7), H−1(Mc(ad(f))) equals to F .
Lemma 5.8. F ≃ OX ⊕ O(B −KX)⊗ IZ, where Z is a zero-dimensional subscheme in X.
Proof. Assume that E is locally free; the proof goes similarly in general case. We shall use the
following commutative diagram in Coh(Y0):
(5.8) 0

0

0

0 // Hom(G−, F+)

// ν∗0(F)

// Hom(G+, G+)

// 0
0 // Hom(ν∗0E, F+)

// End(ν∗0E)

// Hom(ν∗0E,G+)

// 0
Hom′(F−, F+)

ν∗0(G)

Hom′(F+, G+)

0 0 0
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Here, the second row and all columns are exact; the second row and the first and third columns
come from (5.2), and the second column does from (5.7); the sheaf Hom′(F−, F+) in the (3, 1)-
component means the image sheaf of natural map Hom(ν∗0E, F+) → Hom(F−, F+), and the
sheaf Hom′(F+, G+) in the (3, 3)-component is defined similarly. The map f : E → E(KX)
keeps subsheaves F± and quotient sheaves G± unchanged, acts on F− and G+ by multiplication
by sτ , and acts on F+ and G− by multiplication by −sτ . Thus one can check that the sheaf
Hom(G−, F+) in the (1, 1)-component is naturally contained in ν
∗
0(F) and that we can induce
a map from the (1, 2)-component to the (1, 3)-component, since ad(f) acts on Hom′(F+, G+)
by multiplication by 2sτ , which is injective. By diagram chasing, one can check that the first
row is exact, since the trace map OY0 → End(ν∗0E) gives a splitting of the right side. The first
Chern class of (1, 1)-component is c1(F+)−c1(G−) = σ(D)+D = B−KX from Lemma 5.6, and
so (1, 1)-component equals ν∗0O(B−KX). This isomorphism ν∗0(F) ≃ ν∗0(OX ⊕O(B−KX)) is
σ-equivariant, and so it deduces this lemma by descent theory. 
As to H0(Mc(ad(f))), (5.6) and (5.7) deduce exact sequences:
0 −→ Cok(H0(ad(f))) −→H0(Mc(ad(f))) −→ Ker(H1(ad(f))) −→ 0,(5.9)
0 −→ R(KX)/G −→Cok(H0(ad(f))) −→ Q(KX) −→ 0.
Lemma 5.9. Q ≃ OX ⊕ O(KX − B)⊗ IT , where T is a zero-dimensional subscheme in X.
Proof. We prove this in case where E is locally free. Let us consider the following commutative
diagram in Coh(Y0) such that the second row and all columns are exact:
0

0

0

Hom(G+, F+)

// ν∗0(R)

// Hom(G−, G+)

0 // Hom(ν∗0E, F+)

// End(ν∗0E)

// Hom(ν∗0E,G+)

// 0
0 // Hom(F+, F+)

ι // ν∗0(Q)

p
// Hom(F−, G+)
j

Ext1(G+, F+)

0 Ext1(G−, G+)

0 0
Similarly to the proof of Lemma 5.8, we can induce homomorphisms in the first row, and hence
homomorphisms in the third row. One can check thatR is contained in the kernel of trace map,
so it induces a homomorphism tr : Q → OX . By this homomorphism and diagram chasing,
20 KIMIKO YAMADA
one can verify that the third row deduces a splitting exact sequence
0 −→ Hom(F+, F+) −→ ν∗0(Q) −→ Ker(j) −→ 0.
Since the support of Ext1(G−, G+) is zero-dimensional, c1(Ker(j)) = c1(Hom(F−, G+)) =
−D − σ(D) = KX − B. 
Since χ(E,E) = χ(End(E))− χ(Ext1(E,E)) = χ(F) + χ(G)− χ(Ext1(E,E)) and h0(F) ≤
h0(End(E)) = 1, the following estimation holds:
rk(H1(ad(f)))− 2 ext2(E,E)0
(5.10)
≥− χ(E,E) + 2pg − [h1(F) + h0(H0(Mc(ad(f)))] (By (5.4), (5.5))
≥− χ(E,E) + 2pg − [h1(F) + h0(R(KX)/G) + h0(Q(KX)) + h0(Ker(H1(ad(f))))] (By (5.9))
=l(Ext1(E,E)) + 2pg − [χ(F) + χ(G) + h0(R(KX)/G) + h1(F) + h0(Q(KX)) + l(Ker(H1(ad(f))))]
=l(Im(H1(ad(f)))) + 2pg − [h0(F) + h2(F) + h0(R(KX)/G) + h0(Q(KX))]
+ χ(R(KX)/G)− χ(R(KX))
≥− χ(R(KX)) + l(Im(H1(ad(f)))) + 2pg − [h1(R(KX)/G) + 1 + 2pg
+ h2(O(B −KX)⊗ IZ) + h0(O(2KX −B)⊗ IT )] (By Lemma 5.8, Lemma 5.9)
=− χ(R(KX)) + l(Im(H1(ad(f))))
− [1 + h0(O(2KX − B)) + h0(O(2KX −B)⊗ IT ) + h1(R(KX)/G)].
With (5.10) in mind, let us calculate χ(R(KX)). Because of the construction of flat covering
ν0,
χ(ν∗0R(KX)) = χ(R(KX)) + χ(R(KX)⊗ L−1) = 2χ(R(KX)),
since c1(R) equals B − KX ∈ Q · f by Lemma 5.9. When E is locally free, the commutative
diagram in the proof of Lemma 5.9 and the snake lemma give an exact sequence
0 −→ Hom(G+, F+) −→ ν∗0(R) −→ Hom(G−, G+) −→ Ext1(G+, F+) −→ 0.
Since Y0 is Cartier by Lemma 5.4 and the first Chern class ofHom(G+, F+) (resp. Hom(G−, G+))
is 2σ(D) (resp. −2σ(D) +B −KX), we have an exact sequence on Y0
0 −→ OY0(2σ(D))⊗ IσU ′ −→ ν∗0R −→ OY0(−2σ(D) +B −KX)⊗ IσU −→ 0,
where U, U ′ are zero-dimensional subschemes of Y0. Applying σ to this sequence and twisting
it by KX , we get an exact sequence on Y0
(5.11) 0 −→ OY0(2D +KX)⊗ IU ′ −→ ν∗0R(KX) −→ OY0(−2D +B)⊗ IU −→ 0.
Using Lemma 5.4, one can check that
χ(Y0,OY0(2D +KX)) = χ(Y, φ∗OY0(2D +KX)) = 2D2 + 2χ(OX) = 2D2 + 2d,
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where the intersection number D2 is calculated in Y , for Lemma 5.6 implies D · ν∗f = 0.
Summing up, we have that χ(R(KX)) = 2D2 + 2d− (l(U) + l(U ′))/2.
Proposition 5.10. Under Assumption 5.2, −D2 ≥ 4d.
Proof. If h0(φ∗O(D)) 6= 0, then φ∗(D) is rationally equivalent to a effective divisor on Y which
is supported on fibers of Y → C, for φ∗(D) · f = 0. Thus the restriction of φ∗OY0(D) to Yη′
is isomorphic to OYη′ . This contradicts to Assumption 5.2. Similarly, h2(φ∗O(D)) = 0. This
implies that 0 ≥ χ(φ∗O(D)) = D2/2 + 2d. 
From (5.10) and Proposition 5.10,
(5.12) rk(H1(ad(f)))− 2 ext2(E,E)0 ≥ 6d+ (l(U) + l(U ′))/2
+ l(Im(H1(ad(f))))− [1 + h0(O(2KX − B)) + h0(O(2KX −B)⊗ IT ) + h1(R(KX)/G)].
Now we shall consider h1(R(KX)/G). Similarly to (5.11), the proof of Lemma 5.8 deduces an
exact sequence
(5.13) 0 −→ O(2D +KX −B)⊗ IW ′ −→ ν∗0G −→ O(−2D)⊗ IW −→ 0,
where W and W ′ are some zero-dimensional subschemes of Y0. Thus we have the following
commutative diagram (5.14) whose rows and columns are exact; its first row is (5.13), its
second row is (5.11), and τB is a natural section of Γ(O(B)).
(5.14) 0

0

0

0 // O(2D +KX −B)⊗ IW ′ //
×τB

ν∗0G //

O(−2D)⊗ IW //
×τB

0
0 // OY0(2D +KX)⊗ IU ′ //

ν∗0R(KX) //

OY0(−2D +B)⊗ IU //

0
0 // Cokl //

ν∗0R(KX)/G //

Cokr //

0
0 0 0
For a sheaf F of dimension ≤ 1, let tor(F ) denote the maximal subsheaf of F of zero dimension,
and pur(F ) the quotient F/tor(F ). From the third column of (5.14), one can check that
pur(Cokr) ≃ O(−2D + B)|ν−10 B ⊗ IU∩ν−10 B, where U ∩ ν
−1
0 B = Spec(OY0/IU + (τB)), that
h1(Cokr) ≤ h1(O(−2D +B)|ν−10 B) + l(U ∩ ν
−1
0 B) and thereby
(5.15) h1(ν∗0R(KX)/G) ≤ h1(O(−2D +B)|ν−10 B)
+ h1(O(2D +KX)|ν−10 B) + l(U ∩ ν
−1
0 B) + l(U
′ ∩ ν−10 B).
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Since h1(ν∗0R(KX)/G) = h1(R(KX)/G) + h1(R(KX)/G ⊗ L∨), the following should be useful
for estimation of h1(R(KX)/G).
Proposition 5.11. We denote by Λ(B) the number of connected components B0 of B such
that B0 is lying over a multiple fiber F and that L|F is NOT isomorphic to OF . Then
h1(R(KX)/G)− h1(R(KX)/G ⊗ L∨) ≤ 2Λ(B).
Proof. First remark that L|B0 = O(KX − B − B′)|B0 is isomorphic to OB0 if B0 is not lying
over multiple fibers. Let m be the multiplicity of the fiber over which B0 is lying, and F the
reduction of B0. B0 is indicated as B0 = nF with n ∈ N. It suffices to show that
(5.16) h1(R(KX)/G|B0)− h1(R(KX)/G ⊗ L∨|B0) ≤ 2.
Hereafter, we abbreviate R(KX)/G|B0 to R(KX)/G. On positive divisor B0 that is not neces-
sarily reduced, recall that the stability of T ∈ Coh(B0) is defined (e.g. [21, Section 1.2]), and
that
(5.17) h1(T ) = hom(T , ωB0), where ωB0 = O(KX +B0)|B0
(e.g. [19, Theorem III.7.6, 7.11]). Let {HNk(pur(R(KX)/G))} denote the Harder-Narashimhan
filtration of pur(R(KX)/G)
HN0 = pur(R(KX)/G) ⊃ HN1 ⊃ · · · ⊃ HNk ⊃ HNk+1 · · · ,
grHNk (R(KX)/G) its k-th factor HNk /HNk+1, and k0 the integer such that the reduced Hilbert
polynomial p(grHNk (R(KX)/G)) is asymptotically greater than p(OF ) if and only if k < k0. We
abbreviate grHNk0 (R(KX)/G) to grHN0 . Since χ(R(KX)/G) = χ(R(KX)/G ⊗ L∨), we can verify
that
(5.18) h1(R(KX)/G)− h1(R(KX)/G ⊗ L∨) = h0(grHN0 )− h0(grHN0 ⊗L∨)
by (5.17) and standard arguments about cohomologies of semistable sheaves. We may assume
that p(grHN0 ) = p(OF ); if not, the right side of (5.18) should be zero. Denote by {JHl(grHN0 )}
a Jordan-Ho¨lder filtration of grHN0 , and by l0 such an integer that both of natural maps
H0(grHN0 ) −→ H0(grHN0 / JHl(grHN0 )) and(5.19)
H0(grHN0 ⊗L∨) −→ H0(grHN0 / JHl(grHN0 )⊗ L∨)
are zero when l = l0, but either of them is not zero when l = l0 + 1. Especially,
(5.20) h0(grHN0 ) = h
0(JHl0(gr
HN
0 )) and h
0(grHN0 ⊗L∨) = h0(JHl0(grHN0 )⊗L∨).
We indicate JHl0(gr
HN
0 ) by JHl0 and gr
JH
l0
(grHN0 ) by gr
JH
l0
. If the first map of (5.19) is not zero,
then there exists a map g : OB0 → JHl0 such that the induced map OB0 → JHl0 → grJHl0 is not
zero. The latter map is surjective, since OB0 is semistable, grJHl0 is stable, and their reduced
Hilbert polynomials are same.
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Claim 5.12. Denote by R the local ring OX,η(F ) with the maximal ideal (x), where η(F ) is the
generic point of F . Then Cok(g)η(F ) ≃ R/(xi′) for some integer i′.
Proof. Let Ji be the localization of the pull-back of JHl0+i(gr
HN
k0
(R(KX)/G)) by a natural
surjection R(KX) → pur(R(KX)/G) → pur(R(KX)/G)/HNk0+1 at η(F ). Then grJHl0η(F ) is
isomorphic to J0/J1. By theory of elementary divisors on PID, we can take such an isomorphism
J0 ≃ R ⊕ R that its submodule J1 is isomorphic to (xi)⊕ (xj) (0 ≤ i ≤ j ≤ n). One can shift
gη(F ) : OB0,η(F ) = R/(xn)→ JHl0η(F ) to g′ : R→ J0. Consider the commutative diagram
R
g′
// J0 ≃ R⊕ R

p2
// R
pi

J0/J1 ≃ R/(xi)⊕ R/(xj) // R/(xj).
Since the map OB0 → JHl0 → grJHl0 induced by g is surjective, also the map π ◦ p2 ◦ g′ : R →
R/(xj) 6= 0 is surjective, and so g′ ◦ p2 is surjective. Thus one can check that Cok(g′) is a
quotient of R, so get this claim. 
If both of the following maps
(5.21) H0(JHl0)→ H0(Cok(g)) and H0(JHl0 ⊗L∨)→ H0(Cok(g)⊗ L∨)
are zero, then h0(JHl0) = h
0(Im(g)) and h0(JHl0 ⊗L∨) = h0(Im(g)⊗L∨), and hence h1(R(KX)/G)−
h1(R(KX)/G ⊗ L∨) = h0(Im(g))− h0(Im(g)⊗ L∨) by (5.18) and (5.20). In this case one can
check that h1(R(KX)/G)−h1(R(KX)/G⊗L∨) ≤ 1 in a similar fashion to another cases below.
Now suppose that the left map in (5.21) is not zero. Cok(g) is a semistable sheaf whose
reduced Hilbert polynomial is p(OF ). Let {JHm(Cok(g))} be its Jordan-Ho¨lder filtration,
p : JHl0 → Cok(g) a natural quotient map, and m0 such integer that both of natural maps
H0(JHl0) −→ H0(Cok(g)) −→ H0(Cok(g)/ JHm(Cok(g))) and(5.22)
H0(JHl0 ⊗L∨) −→ H0(Cok(g)⊗ L∨) −→ H0(Cok(g)/ JHm(Cok(g))⊗L∨)
are zero when m = m0, but either of them is not zero when m = m0 + 1. We indicate
JHm0(Cok(g)) by JH0(Cok) and gr
JH
m0
(Cok(g)) by grJH0 (Cok). By (5.20),
(5.23) h0(grHN0 ) = h
0(p−1(JH0(Cok))), h
0(grHN0 ⊗L∨) = h0(p−1(JH0(Cok)⊗L∨)).
Assume that the first map at (5.22) is not zero. Then there is a nonzero map h : OB0 →
p−1(JH0(Cok)) ⊂ JHl0 such that the induced map OB0 → p−1(JH0(Cok)) → JH0(Cok) →
grJH0 (Cok) is not zero. It is surjective since OB0 is semistable, grJH0 (Cok) is stable and their
reduced Hilbert polynomials are same.
Claim 5.13. p ◦ h : OB0 → p−1(JH0(Cok))→ JH0(Cok) is surjective.
Proof. Localize this map at F . JH0(Cok)η(F ) is a submodule of Cok(g)η(F ) ≃ R/(xi′) by Claim
5.12, and so it is isomorphic to R/(xi1). The map (p ◦ h)η(F ) : OB0η(F ) → JH0(Cok)η(F ) ≃
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R/(xi1) is surjective since the induced map OB0,η(F ) → JH0(Cok)η(F ) → grJH0 (Cok)η(F ) 6= 0
is surjective. Thereby Cok(p ◦ h) is zero-dimensional. If Cok(p ◦ h) is not zero, then one
can check that p(OB0) < p(JH0(Cok)) from their semistability, which contradicts to the fact
p(OB0) = p(JH0(Cok)). 
We obtained two homomorphisms g : OB0 → JHl0 and h : OB0 → p−1(JH0(Cok)) ⊂ JHl0 .
This g induces g : OB0 → p−1(JH0(Cok)), Im(g) is semistable with reduced Hilbert polynomial
p(OF ), and so Im(g) ≃ Ol1F with 0 ≤ l1 ≤ n. Similarly, Im(h) ≃ Ol2F with 0 ≤ l2 ≤
n. On (g, h) : Ol1F ⊕ Ol2F → p−1(JH0(Cok)), Ker(g, h) is either zero or semistable with
reduced Hilbert polynomial p(OF ), and Ker(g, h) ⊂ Ol1F ⊕Ol2F pi1→ Ol1F is injective. Thereby
Ker(g, h) ≃ Ol3F ((l3 − l1)F ) with 0 ≤ l3 ≤ l1. Similarly, Ker(g, h) is contained in Ol2F , and it
is isomorphic to Ol3F ((l3 − l2)F ). These imply that l1 ≡ l2 (mod m) by the fact below.
Fact 5.14. [11, p.169] The divisor on F corresponding to O(F )|F is a torsion element of order
m.
From Claim 5.13, they give an exact sequence
0 −→ Ol3F ((l3 − l2)F ) −→ Ol1F ⊕Ol2F
(g,h)−→ p−1(JH0(Cok)) −→ 0,
which deduces an exact sequence
(5.24) 0 −→ Ol1F −→ p−1(JH0(Cok)) q−→ O(l2−l3)F −→ 0
such that q ◦ h : Ol2F → p−1(JH0(Cok))→ O(l2−l3)F is a natural surjection.
Claim 5.15. By assumption, L|B0 is not isomorphic to O|B0 , and so L|B0 = OB0(−sF ) with
0 < s < m. Then
h0(p−1(JH0(Cok))) =⌈l1/m⌉ + ⌈(l2 − l3)/m⌉,
h0(p−1(JH0(Cok))⊗L∨) =⌈(l1 − s)/m⌉+ ⌈(l2 − l3 − s)/m⌉.
Proof. Recall Fact 5.14. Since natural mapH0(Ol2F )→ H0(O(l2−l3)F ) is surjective, h0(p−1(JH0(Cok))) =
h0(Ol1F ) + h0(O(l2−l3)F ) = ⌈l1/m⌉+ ⌈(l2 − l3)/m⌉. As to the second equation, (5.24) deduces
(5.25) h0(Ol1F (sF )) + rk[H0(Ol2F (sF ))→ H0(O(l2−l3)F (sF ))] ≤
h0(p−1(JH0(Cok))⊗L∨) ≤ h0(Ol1F (sF )) + h0(O(l2−l3)F (sF )).
Here let us verify that
(5.26) h0(OsF (sF )) = 0 and h0(OlF (sF )) = ⌈(l − s)/m⌉.
From Fact 5.14, one can check the left side and that h0(OlF (sF )) = 0 if l ≤ s. When l > s,
the exact sequence
0 −→ O(l−s)F −→ OlF (sF ) −→ OsF (sF ) −→ 0
deduces that h0(OlF (sF )) = h0(O(l−s)F ) = ⌈(l − s)/m⌉, and so we get (5.26).
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When l2 − l3 ≥ s, the commutative diagram
0 // O(l2−s)F

// Ol2F (sF )

// OsF (sF ) // 0
0 // O(l2−l3−s)F // O(l2−l3)F (sF ) // OsF (sF ) // 0
and (5.26) induce the commutative diagram
H0(O(l2−s)F )

∼ // H0(Ol2F (sF ))

H0(O(l2−l3−s)F ) ∼ // H0(O(l2−l3)F (sF )).
When l2−l3 < s, h0(O(l2−l3)F (sF )) = 0 by (5.26). In both cases, the second equation holds. 
From (5.18), (5.23) and Claim 5.15, h1(R(KX)/G)− h1(R(KX)/G ⊗ L∨) = ⌈l1/m⌉ − ⌈(l1 −
s)/m⌉ + ⌈(l2 − l3)/m⌉ − ⌈(l2 − l3 − s)/m⌉. It is easy to check that this equals 2 or less. It is
left to the reader to certify this proposition in remaining cases; the case where the second map
at (5.19) is not zero, and the case where the second map at (5.22) is not zero. Therefore the
proof of Proposition 5.11 is completed. 
From (5.12), (5.15) and Proposition 5.11, we get the following result.
Proposition 5.16. Under Assumption 5.2 it holds that
rk(H1(ad(f)))− 2 ext2(E,E)0 ≥ 6d+ l(Im(H1(ad(f))))
+ 1
2
{
l(U)− l(U ∩ ν−10 B) + l(U ′)− l(U ′ ∩ ν−10 B)
}− [1 + Λ(B) + h0(O(2KX − B))
+h0(O(2KX − B)⊗ IT ) + 12h1(O(−2D +B)|ν−10 B) +
1
2
h1(O(2D +KX)|ν−10 B)
]
.
6. Singularities of M(c2) in Case I
Theorem 6.1. Let E ∈ M(c2) correspond to Case I at Fact 2.11. Suppose that (i) d ≥
(7/4)Λ(X)− 2 or that (ii) 2 ≥ Λ(X). Then rkH1(ad(f)) ≥ 2 ext2(E,E)0 + 1 for all nonzero
f ∈ Hom(E,E(KX))◦. As a result, M(c2) is of locally complete intersection and normal at E,
and E is at worst a canonical singularity of M(c2).
Remark 6.2. In Theorem 6.1, the assumption “E corresponds to Case I“ is relatively weak by
Fact 2.13. Conditions (i) and (ii) mean that the number Λ(X) of multiple fibers is relatively
few.
Proof. In Div(X), we can denote B as
(6.1) B = π−1(
∑
j sjpj) +
∑
i(timi + li)Fi,
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where sj and ti are nonnegative integers, pj is a closed point of P
1 lying over a reduced fiber,
Fi is the reduction of a multiple fiber with multiplicity mi, and li is an integer such that
0 ≤ li ≤ mi − 1. By the canonical bundle formula (2.2),
(6.2) 2(KX −B) ≃ {2(d− 2−
∑
j sj −
∑
i ti) + Λ(X)}f+
∑
i(mi − 2− 2li)Fi
= {2(d− 2− n) + Λ(X)− Λ1(B)}f+
∑
i a1,iFi,
where n =
∑
j sj +
∑
i ti, Λ1(B) is the number of multiple fiber Fi such that mi − 1 ≤ 2li, and
a1,i is an integer with 0 ≤ a1,i < mi. Since det(f) 6= 0 implies that h0(O(2(KX −B))) 6= 0,
(6.3) 2(d− 2− n) + Λ(X)− Λ1(B) ≥ 0.
We shall estimate the right side of Proposition 5.16. As to h0(2KX − B),
2KX − B ≃ {2d− 4 + Λ(X)− n}f+
∑
i(mi − 2− li)Fi
= {2d− 4 + Λ(X)− n− Λ2(B)}f+
∑
i a2,iFi,
where Λ2(B) is the number of Fi such that li = mi − 1, a2,i is an integer with 0 ≤ a2,i < mi
and hence
(6.4) h0(O(2KX −B)) = 2d− 3 + Λ(X)− n− Λ2(B).
Next, let us estimate h1(O(−2D+B)|ν−10 B0)+h1(O(2D+KX)|ν−10 B0) = h0(O(−2D+B)|ν−10 B0)+
h0(O(2D +KX)|ν−10 B0) for any connected component B0 of B.
Case 1. Assume that B0 = sjf0 where f0 = π
−1(pj) is reduced and ν0 : Y0 → X is e´tale
at f0. Since L|f0 = Of0, h0(ν−10 Of0) = 2. Thus ν−10 (f0) = f′0 ⊔ σ(f′0), where f′0 is a reduced
curve in Y0 such that ν0 : f
′
0 → f0 is isomorphism. By Remark 5.7, degO(−2D + B)|f′0 =
degO(2D +KX)|f′0 = 0. As a result,
(6.5) h0(O(−2D +B)|ν−10 B0) + h
0(O(2D +KX)|ν−10 B0) = h
0(O(−2D +B)|sj f′0)
+ h0(O(−2D +B)|sjσ(f′0)) + h0(O(2D +KX)|sj f′0) + h0(O(2D +KX)|sjσ(f′0)) ≤ 4sj .
Case 2. Assume that B0 = sjf0 where f0 = π
−1(pj) is reduced and ν0 : Y0 → X ramifies at f0.
Then ν−10 (f0) = 2f
′
0, where f
′
0 is a reduced curve in Y0 such that ν0 : f
′
0 → f0 is isomorphism.
It holds that χ(O(−2D + B)|2f′0) = 0 by Remark 5.7, and then χ(O(−2D + B)|f′0) = 0 since
deg(O(f′0)|f′0) = 0. Hence (6.5) holds also in Case 2.
Now let us consider cases where
(6.6) B0 = (tm+ l)F , where F is the reduction of a multiple fiber in X
with multiplicity m and 0 ≤ l < m.
By (6.2), det(f) ∈ Γ(O(2(KX −B))) satisfies in Div(X) that
(6.7) Div(det(f)) =
∑
i(t
′
imi − 2li − 2)Fi + (reduced fibers). (t′i ∈ Z≥1)
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Then B′ =
∑
i(⌊t′imi/2⌋ − li − 1)Fi + (reduced fibers) by its definition in Section 5, and then
(6.8) c1(L) = KX − B − B′ ≃
∑
i−⌊t′imi/2⌋Fi + (reduced fibers).
Case 3. Assume that B0 is as in (6.6), L|F 6≃ OF and the map Y0 → X is e´tale at F . Then one
can check that m is even and L|F ≃ O((m/2)F )|F from (6.7) and (6.8). Since h0(Oν−10 (F )) =
h0(O|F ) + h0(L∨|F ) = 1, ν−10 (F ) = F ′ is connected and ν0 : F ′ → F is e´tale, and accordingly
F ′ is a nonsingular integral curve. Remark that deg(O(F ′)|F ′) = 0 and deg(O(2D)|F ′) = 0
by Remark 5.7, and that h0(O(tF ′)|F ′) = h0(O(tF )F ) + h0(O(tF ) ⊗ L−1|F ) = h0(O(tF )|F ) +
h0(O((t+ (m/2))F )|F ) is nonzero iff (m/2)|t. Consequently O(F ′)|F ′ gives a torsion divisor of
order m/2 and
(6.9) h0(O(−2D +B)|ν−10 (B0)=(tm+l)F ′) ≤ 2t+ h
0(O(−2D +B)|lF ′).
Claim 6.3. In Case 3, h0(O(−2D + B)|lF ′) = h0(O(2D + KX)|lF ′) = 0 when l ≤ (m/2) − 1,
that is, ⌊2l/m⌋ = 0.
Proof. Suppose that h0(O(−2D + B)|lF ′) 6= 0. Then there should be an integer λ such that
0 ≤ λ ≤ l − 1 ≤ (m/2)− 2 and that there is a isomorphism ι : OF ′ ≃ O(−2D + B − λF ′)|F ′.
This gives a Z/2-isomorphism ι · σ(ι) : OF ′ ≃ O(−2D− 2σ(D) + 2B − 2λF ′)|F ′. Since Lemma
5.6 states that D + σ(D) + KX − B is Z/2-isomorphic to 0, we have an Z/2-isomorphism
OF ′ ≃ O(2KX − 2λF ′)|F ′ = O(−2(1 + λ)F ′)|F ′ = ν∗0(O(−2(1 + λ)F )|F ). From Luna’s e´tale
slice theorem ν0 : F
′ → F is a principal Z/2-bundle, and hence we obtain an isomorphism
OF ≃ O(−2(1+ λ)F )|F on F by e´tale descent theory. Accordingly m|2(1+ λ), so (m/2)|1+ λ,
but this is impossible since 1 ≤ λ+1 ≤ (m/2)−1. In the same way, if h0(O(2D+KX)|lF ′) 6= 0,
then one can deduce that (m/2)|l− λ. This is impossible since 1 ≤ l− λ ≤ l ≤ (m/2)− 1. 
Equation (6.9) deduces in Case 3 that
h0(O(−2D +B)|ν−10 (B0)) ≤2t+ ⌊2l/m⌋ = ⌊2(tm+ l)/m⌋ and(6.10)
h0(O(2D +KX)|ν−10 (B0)) ≤⌊2(tm+ l)/m⌋.
Case 4. Assume that B0 is as in (6.6), L|F 6≃ OF and Y0 → X ramifies at F . Then one can
check that m is odd and L|F ≃ O(−m−12 F )|F 6≃ OF from (6.7) and (6.8). We also have that
ν−10 (F ) = 2F
′ with reduced divisor F ′ such that σ(F ′) = F ′, ν0 : F
′ → F is isomorphic, and
hence O(F ′)|F ′ gives a torsion divisor on F ′ with order m.
Claim 6.4. Define the number Λ3(B0) by Λ3(B0) = 1 if l = (m−1)/2 and Λ3(B0) = 0 otherwise.
Then h0(O(−2D +B)|ν−10 (lF )=2lF ′) ≤ ⌊2l/m⌋ + Λ3(B0), and h0(O(2D +KX)|2lF ′) ≤ ⌊2l/m⌋.
Proof. Assume that h0(O(−2D + B)|2lF ′) 6= 0 and l ≤ (m − 3)/2. Then there should be an
integer λ such that 0 ≤ λ ≤ 2l − 1 and that O(−2D + B − λF ′)|F ′ ≃ OF ′. By applying σ to
this, we also get that O(−2σ(D)+B−λF ′)|F ′ ≃ OF ′, and by unifying them and using Lemma
5.6,
OF ′ ≃ OF ′(2(λF ′ −B +D + σ(D))) = OF ′(2(λF ′ −KX)) = OF ′(2(λ+ 2)F ′).
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Thusm|2(2+λ), andm|(2+λ) sincem is odd, but this is impossible because 2 ≤ λ+2 ≤ 2l+1 ≤
m − 2. Hence one can get the first inequality. Next, assume that h0(O(2D + KX)|2lF ′) 6= 0
and l ≤ (m − 1)/2. Then there should be an integer µ such that 0 ≤ µ ≤ 2l − 1 and that
O(2D +KX − µF ′)|F ′ ≃ OF ′. By a similar way to arguments above,
OF ′ ≃ OF ′(2(D + σ(D) +KX − µF ′)) = OF ′(2(B − µF ′)) = OF ′(2(2l − µ)F ′).
Thus m|2(2l − µ), and m|(2l − µ) since m is odd, but this is impossible because 1 ≤ 2l − µ ≤
2l ≤ m− 1. 
Case 5. Assume that B0 is as in (6.6) and L|F ≃ OF . Then one can check that t′ at (6.7)
is even, Y0 → X is e´tale at F , ν−10 (F ) = F ′ ⊔ σ(F ′) since h0(ν−10 (OF )) = 2, ν0 : F ′ →
F is isomorphic, deg(O(2D)|F ′) = 0 by Remark 5.7, and that the order of O(F ′)|F ′ is m.
Thus h0(O(−2D + B)|ν−10 (B0)) = h0(O(−2D + B)|(tm+l)F ′) + h0(O(−2D + B)|(tm+l)σ(F ′)) ≤
2t + h0(O(−2D + B)|lF ′) + h0(O(−2σ(D) + B)|lF ′). Suppose both h0(O(−2D + B)|lF ′) and
h0(O(−2σ(D)+B)|lF ′) are nonzero. Then O(−2D+B−λF ′)|F ′ ≃ OF ′ and O(−2σ(D)+B−
µF ′)|F ′ ≃ OF ′ with some integers 0 ≤ λ, µ ≤ l−1. Since D+σ(D)+KX−B = 0, these deduce
thatO((λ+µ+2)F ′)|F ′ ≃ OF ′, but this is impossible when 2l ≤ m−1, because 2 ≤ λ+µ+2 ≤ 2l.
Remark that 2l ≤ m−1 iff ⌊2l/m⌋ = 0, and so h0(O(−2D+B)|ν−10 (B0)) ≤ ⌊2l/m⌋+1. Therefore
in Case 5 we have
h0(O(−2D +B)|ν−10 (B0)) ≤⌊2(tm+ l)/m⌋ + 1, and(6.11)
h0(O(2D +KX)|ν−10 (B0)) ≤⌊2(tm+ l)/m⌋ + 1.
Summing up (6.5), (6.10), Claim 6.4 and (6.11), we obtain that
(6.12) 1
2
h0(O(−2D +B)|ν−10 (B0)) +
1
2
h0(O(2D +KX)|ν−10 (B0))
≤ 2∑j sj +∑i⌊(2timi + 2li)/mi⌋ + 12Λ3(B) + Λ4(B) = 2n+ 12Λ3(B) + Λ4(B).
Here, Λ3(B) means the number of Fi such thatB corresponds to Case 4 at Fi and li = (mi−1)/2,
Λ4(B) means the number of Fi such that B corresponds to Case 5 and hence L|F ≃ OF . From
Proposition 5.16, (6.4) and (6.12), we can deduce that
(6.13) rk(H1(ad(f)))− 2 ext2(E,E)0 − 1
≥ 2d+ 4 + 2Λ2(B)−
[
2Λ(X) + Λ(B) + (1/2)Λ3(B) + Λ4(B)
]
,
where Λ(B) was defined at Proposition 5.11. By its definition, one can check that Λ(B) +
Λ4(B) ≤ Λ(X) and Λ2(B) + Λ3(B) ≤ Λ1(B). Therefore (6.13) induces that rk(H1(ad(f))) −
2 ext2(E,E)0 − 1 ≥ 2d+ 4− (7/2)Λ(X) = 2(d+ 2− (7/4)Λ(X)), and (6.3) and (6.13) induces
that rk(H1(ad(f)))− 2 ext2(E,E)0 − 1 ≥ 2d+ 4− 3Λ(X)− Λ1(B) ≥ 2d+ 4− 3Λ(X)− [2(d−
2 − n) + Λ(X)] = 8 − 4Λ(X) + 2n ≥ 4(2 − Λ(X)). Theorem 6.1 follows from these equations
and Theorem 4.7. 
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7. Some elliptic surfaces with a few singular fibers
In this section we shall show the following Theorem.
Theorem 7.1. In Setting 1.2, we suppose that X has two multiple fibers with multiplicities
(m1 = 2, m2 = m) with m ≥ 3, and d = χ(OX) = 1.
(i) If M(c2) is singular at a stable sheaf E, then E always comes under Case I in Fact 2.11.
(ii) We consider in Setting 3.1. If c2 ≥ 3 and if M(c2) is compact (e.g. c2 is odd), then
κ(M(c2)) = (dimM(c2) + 1)/2.
Remark 7.2. By [11, Cor. 7.17], the number of fibers with singular reduction is 12d in Setting
1.2. Thus the assumption in Theorem 7.1 implies that both multiple fibers and fibers with
singular reduction are rather few.
Let us begin with some lemmas.
Lemma 7.3. If a torsion-free rank-two sheaf E on an elliptic surface has a traceless homo-
morphism f : E → E(KX) satisfies that det(f) 6= 0, then Eη¯ is decomposable.
Proof. The determinant of fη¯ : Eη¯ → E(KX)η¯ ≃ Eη¯ is denoted as det(fη¯) = −a2 with some
a ∈ H0(Xη¯,O) = k(P1). Since (fη¯ + a)(fη¯ − a) = 0 by Hamilton-Caylay’s theorem, we have
two decompositions by degree-zero line bundles
0 −→ Ker(fη¯ ± a) i±−→ Eη¯ p±−→ Im(fη¯ ± a) −→ 0
such that p+ ◦ i− is isomorphic. Thus Eη¯ decomposes. 
Lemma 7.4. Suppose that a singular point E of M(c2) comes under Case II or Case III in
Fact 2.11, and so there is an extension
(7.1) 0 −→ OXη(D) −→ Eη −→ OXη(−D) −→ 0.
When pg(X) = 0, OXη(D) ≃ OXη(−D).
Proof. Suppose not. One can extend (7.1) to an extension on X
0 −→ F −→ E −→ G −→ 0,
where F and G are torsion-free rank-one sheaves. This induces a diagram of exact sequences
HomX(G,F (KX)) = 0

HomX(F, F (KX))

0 // HomX(G,E(KX))

// HomX(E,E(KX)) // HomX(F,E(KX))

HomX(G,G(KX)) HomX(F,G(KX)) = 0,
where the upper-left part and the lower-right part are zero since OXη(D) 6≃ OXη(−D). Thus
0 < dimHom(E,E(KX))
◦ ≤ 2pg(X), but this is impossible when pg(X) = 0. 
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Proof of Theorem 7.1: First, suppose that there is a traceless homomorphism f : E → E(KX)
with det(f) = 0. This gives an exact sequence
0 −→ F = Ker(f) −→ E −→ G = Im(f) −→ 0.
Let B be the curve defined at Definition 5.1, and put c1(F ) = D. Since (KX − B) · O(1) ≥ 0
from the stability of E, and KX is Q-equivalent to {1− (1/m1)− (1/m2)}f,
(7.2) B = a1F1 + a2F2 (0 ≤ ai ≤ mi − 1).
Then one can show that 2D+KX−B = 0 in a similar way to Lemma 5.8, and that χ(OX(D)) =
χ(OX) = d = 1, so h0(O(D)) 6= 0 or h2(O(D)) 6= 0. However if h0(O(D)) 6= 0 then D = 0
since E is stable, and thus KX = B, but this is impossible since pg(X) = 0 in case of Theorem
7.1. As a result h0(O(KX −D)) = h2(O(D)) 6= 0, and KX −D is described as
(7.3) G = KX −D = λf+ b1F1 + b2F2 (0 ≤ λ, 0 ≤ bi ≤ mi − 1).
By combining (7.2) with (7.3), one has
(7.4) 0 = KX −B + 2D = (1− 2λ)f+
2∑
i=1
(mi − 3− ai − 2bi)Fi.
If λ ≥ 1, then its right-hand side cannot be positive, and hence λ = 0. By Fact 5.14, m1 −
3 − a1 − 2b1 is a multiple of m1. In this way, we have 3 + ai + 2bi = mili with some natural
number li for i = 1, 2. This and (7.4) imply 3 − l1 − l2 = 0, and so l1 equals 1 or 2. If l1 = 1,
then 3 + a1 + 2b1 = 2, which cannot occur since a1, b1 ≥ 0. If l1 = 2, then 3 + a1 + 2b1 = 4,
from which one can check a1 = 1 and b1 = 0. Since (KX − B) · O(1) ≥ 0, it should hold that
0 ≤ 1− (a1 + 1)/m1 − (a2 + 1)/m2, but this is impossible for m1 = 2 and a1 = 1.
Therefore any traceless homomorphism f : E → E(KX) has det(f) 6= 0. Assume that E
doesn’t correspond to Case I. By Lemma 7.3, E corresponds to Case II. Similarly to (5.1),
det(f) induces a double cover ν0 : Y0 → X with Z/2-action σ such that ν∗OY0 = OX ⊕ L∨,
where L = O(KX−B−B′), since pg(X) = 0. Remark that Y0 is non-singular so we have Y = Y0
and ν = ν0 in (5.1), since 2KX = 2(−f+F1+(m−1)F2) = (m−2)F2 and F2 is nonsingular by
Setting 1.2. As discussed in Section 5, there are two exact sequences (5.2) of ν∗E and, similarly
to Lemma 5.6, the first Chern class D ∈ Pic(Y ) of F− satisfies that D + σ(D) +KX −B = 0,
where B ⊂ X is the curve defined at Definition 5.1.
Lemma 7.5. We have D2 = 0.
Proof. By Lemma 7.4, OYη′ (2D) = OYη′ and hence 2D is linear equivalent to a divisor D0 such
that the image of its support by πν : Y → X → C is zero-dimensional. It suffices to show that
D20 = 0 if D0 ⊂ Y is a connected reduced curve such that πν(D0) is a point.
(i) If ν ramifies at D0, then 2D0 = ν
−1(F2) since 2KX = (m − 2)F2. Thereby (2D0, D0) =
(ν−1(F2), D0) = (F2, ν(D0)) = (F2, F2) = 0 from projection formula.
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(ii) Suppose ν is e´tale at D0. Then ν(D0) is connected, reduced and irreducible by Setting
1.2, and as a result ν−1ν(D0) is locally integral, that is, every connected component is integral.
Therefore if D0 6= σ(D0), then D0 ∩ σ(D0) is empty, ν−1ν(D0) = D0 ⊔ σ(D0), and thus 2D20 =
(D0 ⊔ σ(D0))2 = (ν−1ν(D0))2 = 〈ν(D0), νν−1ν(D0)〉X = 〈ν(D0), 2ν(D0)〉X = 2(ν(D0))2 = 0 by
projection formula. If D0 = σ(D0), then ν
−1ν(D0) equals D0, and we can verify D
2
0 = 0 from
projection formula. 
From Lemma 5.4 and Lemma 7.5, it follows that KY = ν
∗(KX ⊗L) ∈ Q · ν∗(f), KY ·D = 0,
and χ(OY (D)) = χ(OY ) = 2χ(OX) = 2.
Claim 7.6. h2(OY (D)) is not zero.
Proof. Otherwise h0(O(D)) 6= 0 for χ(OY (D)) = 2, and then also h0(ν∗E∨∨) = h0(E∨∨) +
h0(E∨∨⊗L∨) is not zero. Because E∨∨ is µ-semistable and h0(L⊗2) 6= 0, either of the following
exact sequences exists, where Z is a zero-dimensional subscheme:
0 −→ OX −→E∨∨ −→ OX ⊗ IZ −→ 0 or
0 −→ L −→E∨∨ −→ L∨ ⊗ IZ −→ 0.
However, one can check that hom(E,E(KX)) ≤ 4pg(X) = 0 when the former exists. When the
latter exists, h0(L⊗2) 6= 0 implies L⊗2 = OX , and consequently hom(E,E(KX)) ≤ 4pg(X) =
0. 
Since 2KX =
∑2
i=1(mi − 2)Fi, B + B′ =
∑
i ⌊(mi − 2)/2⌋Fi by its definition. Thus B =∑
i aiFi (0 ≤ ai ≤ ⌊(mi − 2)/2⌋),
c1(L) =KX − (B +B′) = −f+
∑
i⌈mi/2⌉Fi and(7.5)
KY =ν
∗(KX ⊗ L) =
∑
i
(⌈mi/2⌉ − 1)ν∗Fi.
By Claim 7.6, h2(OY (D)) = h0(OY (KY −D)) is not zero, and thereby G = KY −D is positive.
From Lemma 5.6 and (7.2), we can deduce a Z/2-equivariant isomorphism
(7.6) G+ σ(G) = 2KY + ν
∗(KX − B) = ν∗(f+
∑
i(2⌈mi/2⌉ − 3− ai)Fi).
Now let us use the assumption in Theorem 7.1 that (m1, m2) = (2, m). In this case, one can
verify that a1 = 0 from (7.6) and hence
(7.7) G + σ(G) ∈ Γ(Y, ν∗O(F1 + (2⌈m2/2⌉ − 3− a2)F2))σ.
However, 2KX = (m − 2)F2 implies that ν : Y → X is e´tale at F1, L|F1 6≃ OF1 by (7.5),
and then h0(ν∗(OF1)) = 1. As a result ν−1F1 is integral, but then (7.7) never occur. This is
contradiction, and thereby E corresponds to Case I. Consequently we arrive at Theorem 7.1(i).
Theorem 7.1(ii) results from the paragraph after (2.5), the proof of Corollary 3.5, Theorem 6.1
and Theorem 7.1(i). 
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8. Example of singularities in M(c2)
Proposition 8.1. Fix a positive integer d, a non-negative integer Λ and a pair of integers
(m1, · · ·mΛ) with mi ≥ 2. Assume that 2d ≥ max(Λ − 2, 4 − Λ, 5 − 2Λ). Then we have an
elliptic surface X over P1 such that Setting 1.2 holds, χ(OX) = d, Λ(X) = Λ, and its multiple
fibers have the multiplicities mi, and a constant N as follows. For any c2 ≥ N , there is a
rank-two sheaf E with (c1(E), c2(E)) = (0, c2) satisfying that E is stable with respect to any
c2-suitable ample line bundle H, E is of type I, and and ext
2(E,E)◦ = hom(E,E(KX))
◦ is not
zero.
Proof. First, we shall find an elliptic surface B with a section, which will be the Jacobian
surface J(X) of X mentioned below.
Fact 8.2. ([25], [31]. cf. [11, p.181, Thm.20]) Let d be a positive integer. If g2 ∈ Γ(P1,O(4d))
and g3 ∈ Γ(P1,O(6d)) are general sections, then the closed subscheme B¯ in PP1(O(2d) ⊕
O(3d)⊕O) defined by the equation y2z = 4x3− g2xz2− g3z3 is a surface with at worst rational
double points, such that the natural morphism B¯ → P1 is a flat family of irreducible curves of
arithmetic genus 1. Its minimal resolution B is a relatively minimal elliptic fibration with a
section and χ(OB) = d. Conversely, any minimal elliptic fibration B → P1 with a section and
χ(OB) = d is described in this way.
With Fact 8.2 in mind, we choose general sections
(8.1) g2 ∈ Γ(P1,O(4d)), q ∈ Γ(P1,O(2d− Λ + 2)), α ∈ Γ(P1,O(2d− 4 + 2Λ))
such that α gives a square-free divisor and that
(8.2) Supp(g2) ∩ Supp(q2α) = ∅.
This is possible because of the assumption on d in this proposition. Then let B be the closed
subscheme in PP1(O(2d)⊕O(3d)⊕O) defined by the equation
(8.3) y2z = 4x3 − g2 xz2 − q2α z3.
When g2, q, α are general, one can verify that B is a non-singular elliptic surface over P
1 with
a section and χ(OB) = d. Singular fibers of B → P1 are integral curves with one ordinary
double point by (8.2).
Next, we choose distinct points p1, . . . , pΛ ∈ Supp(α). This is possible since 2d− 4+ 2Λ ≥ Λ
by assumption on d. The fiber Bpi over pi is non-singular from (8.2). Using divisors of order
mi on Bpi and the logarithmic transformation by Kodaira (cf. [4, Sect. V.13], [12, Thm. I.6.7,
Thm. I.6.12]), we can get an algebraic elliptic surface π : X → P1 such that X has multiple
fibers with multiplicities mi over pi, X|(P1−{pi}) is locally isomorphic to B|(P1−{pi}) (in analytic
topology), and its Jacobian surface J(X) is isomorphic to B. This X satisfies assumptions in
Proposition 8.1.
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Let νC : C → P1 be the double cover given by α ∈ Γ(P1,O(2d− 4 + 2Λ)) with a Z/2-action
σC , s ∈ Γ(P1,O(d− 2 + Λ)) be the section such that s2 = α and η′ be Spec(k(C)).
Claim 8.3. Some member Dη′ in Pic
0(Xη′) does not descend to a divisor on Xη, and satisfies
that Dη′ + σC(Dη′) = 0 as Z/2-equivariant divisors.
Proof. About B at (8.3), a point (x, y) = (0, qs) in Bη′ does not descend to a point in Bη since
σC(0, qs) = (0,−qs) 6= (0, qs), and satisfies that (0, qs) + σC(0, qs) = 0. Since Bη ≃ J(Xη),
(0, qs) corresponds to a member Dη′ of J(Xη′) = Pic
0(Xη′), which has such properties as in
Claim 8.3. 
Now we have a natural section τp1+···+pΛ ∈ Γ(P1,O(Λ)), and α′ = α/τp1+···+pΛ ∈ Γ(P1,O(sd−
4 + Λ)). It holds that
2
(
KX −
∑
i⌊(mi − 2)/2⌋Fi
)
=
(
2d− 4 + Λ) f+∑odi Fi,
where the symbol
∑od
i means the summation runs over all i such that mi is odd. Thereby we
have a square-free section α˜ = α′ ·∏odi τFi ∈ Γ(X, 2L), where we put L = O(KX −∑i⌊(mi −
2)/2⌋Fi), and τFi is the section corresponding to Fi. Let ν : Y → X be the double cover given
by α˜ with a Z/2-action σ, and t ∈ Γ(Y,L) be the section such that t2 = α˜. Remark that
Supp(α˜) is non-singular from (8.2), and so is Y .
From the relation between α, α′, α˜ and t, one can verify that
(8.4) α = λ1α˜ ·
{∏
i
τ
⌊mi/2⌋
Fi
}2
and α =
{
λ2t ·
∏
i
τ
⌊mi/2⌋
Fi
}2
with nonzero constants λi. Thus we can obtain a morphism πC : C → P1 such that νC ◦ πC :
Y → C → P1 equals to π ◦ ν. Since τFi is an unit of the ring of Xη, the induced morphism
Yη′ → Xη ×η η′ is isomorphic by the left side of (8.4). Thus one can extend the divisor Dη′ on
Xη′ at Claim 8.3 to a divisor D on Y such that D · ν−1(f) = 0. Now let us consider a rank-two
vector bundle ν∗O(−D) on X .
Claim 8.4. (a) ν∗O(−D)|Xη is stable. (b) Hom(ν∗O(−D), ν∗O(−D)(KX))◦ 6= 0.
Proof. (a) By [11, p.48], there is an exact sequence
(8.5) 0 −→ OY (−σ(D))⊗ ν∗L−1 −→ ν∗ν∗O(−D) −→ OY (−D) −→ 0.
Suppose that ν∗O(−D)|Xη is not stable. Then it has such a subsheaf Fη as deg(Fη) ≥ 0.
One can verify that ν∗(Fη) is isomorphic to either OY (−D)|Yη′ or OY (−σ(D)) ⊗ ν∗L−1|Yη′ =
OY (−σ(D))Yη′ by considering their degrees and (8.5). This contradicts to Claim 8.3.
(b) Since KX ⊗L−1 = O(
∑
i⌊(mi − 2)/2⌋Fi), there is a non-zero section ι in Γ(X,KX ⊗L−1).
Then tι ∈ Γ(Y, ν∗KX) satisfies that σ(tι) = −tι, and gives a homomorphism
ν∗(×tι) : ν∗O(−D) −→ ν∗O(−D)(KX).
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We have a commutative diagram
OY (−σ(D))⊗ ν∗L−1 //
×σ(tι)

ν∗ν∗O(−D) //
ν∗(×tι)

OY (−D)
×tι

OY (−σ(D))⊗ ν∗L−1(KX) // ν∗(ν∗O(−D)(KX)) // OY (−D)(KX),
where two lines are (8.5), and so ν∗ tr(ν∗(×tι)) = tι+ σ(tι) = 0. 
Let us consider its first Chern class. From [11, p.47, Prop. 27], c1(ν∗O(−D)) = ν∗(−D) −
c1(L), where ν∗ is induced map between divisors. By Claim 8.3, D+σ(D) = ν∗(D0), where D0
is a divisor on X whose support lies in fibers of X → P1. Then ν∗(D)−D0 = D1 satisfies that
2D1 = 0, so χ(O(D1)) = d > 0, which implies that h0(O(D1)) or h0(O(KX −D1)) is not zero.
Thereby the support of ν∗(D) lies in fibers of X → P1. From Remark 8.5, we can assume that
(8.6) c1(ν∗O(−D)) =
∑ev
i ǫiFi (ǫi = 0 or 1),
where the symbol
∑ev
i means the summation runs over all i such that mi is even.
Remark 8.5. Concerning ν : Y → X , the following holds.
(a) ν−1(f) = f′ ⊔ σ(f′) and ν∗(f′) = f.
(b) If mi is even, then ν is etale at Fi, ν
−1(Fi) is integral and ν∗(ν
−1(Fi)) = 2Fi.
(c) If mi is odd, then ν ramifies at Fi, ν
−1(Fi) = 2F
′
i , σ(F
′
i ) = F
′
i and ν∗(F
′
i ) = Fi.
Proof. (a) is obvious from the existence of νC . (b) When mi is even, ν is etale at Fi from the
definition of α˜ and ν. Since L|Fi = O((mi/2)Fi)|Fi is not isomorphic to OFi by Fact 5.14, we
have h0(O) = 1, and thereby ν−1(Fi) is integral. (c) When mi is odd, Supp(α˜) contains Fi, so
ν ramifies at Fi. 
Claim 8.6. There is a rank-two sheaf E1 such that c1(E1) = 0, E1,η is stable, and Hom(E1, E1(KX))
◦
is not zero.
Proof. When c1(ν∗O(−D)) = 0, it suffices to put E1 = ν∗O(−D). Let us consider when
c1(ν∗O(−D)) = F1; the proof similarly proceeds in general case. There is a nonzero traceless
homomorphism g : ν∗O(−D)→ ν∗O(−D)(KX) by Claim 8.4.
First, we suppose that g|F1 = 0. There is a surjection ν∗O(−D) → LF1 to a line bundle on
F1, and let E1 be its kernel. Then c1(E1) = 0, E1,η ≃ ν∗O(−D)|Xη is stable, and g induces a
homomorphism g : E1 → E1(KX).
Next, we suppose that g|F1 6= 0. By (8.5) ν∗(ν∗O(−D)|F1) is semistable, and so ν∗O(−D)
is semistable on a non-singular elliptic curve F1. From [2], it holds that (a) ν∗O(−D)|F1 is
isomorphic to L1 ⊕ L2 with degree-zero line bundles Li, or (b) ν∗O(−D)|F1 is isomorphic to
E ⊗L, where E is a non-trivial extension of OF1 by OF1 . Notice that a nonzero homomorphism
g|F1 : ν∗O(−D)|F1 → ν∗O(−D)(KX)|F1 cannot exist in Case (b) since O(KX)|F1 = O(−F1)|F1
is not isomorphic to OF1 . Thereby Case (a) holds. Since g|F1 6= 0 and O(KX)|F1 6≃ OF1 , we
can suppose that Hom(L1, L2⊗OF1(−F1)) is not zero, and then L1 ≃ L2⊗OF1(−F1) for their
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degree are same. Thus ν∗O(−D)|F1 is isomorphic to {OF1 ⊕ OF1(−F1)} ⊗ L. g induces two
homomorphisms
g21 := p2 ◦ g|F1 ◦ i1 : OF1 −→ OF1(−2F1) and
g12 := p1 ◦ g|F1 ◦ i2 : OF1(−F1) −→ OF1(−F1).
Assume that g21 is zero. Define E1 to be the kernel of a natural surjection ν∗O(−D) →
ν∗O(−D)|F1 → OF1(−F1). Then c1(E1) = 0, E1,η ≃ ν∗O(−D)|Xη is stable, and g induces
g : E1 → E1(KX). Also when the g12 is zero, we can similarly find such a sheaf E1 as in Claim
8.6.
Suppose that both g21 and g12 are not zero. Then they are isomorphic and we can assume
that g12 is the identity mapping. Describe OF1(−F1) as OF1(q− r), and fix nonzero sections τq
of Γ(OF1(q)) and τr of Γ(OF1(r)). There is a nonzero constant λ such that g21(1) = λ(τq/τr)2.
We define an injective homomorphism by
j : OF1(−r) −→ OF1 ⊕OF1(q − r) = OF1 ⊕OF1(−F1)
(
τ−1r 7→ (1/
√
λ, τq/τr)
)
,
and define E1 to be the kernel of a natural surjection
ν∗O(−D) −→ ν∗O(−D)|F1 ≃ {OF1 ⊕OF1(−F1)} ⊗ L −→ Cok(j)⊗ L.
Then one can verify that c1(E1) = 0, E1,η ≃ ν∗O(−D)|Xη is stable, and g induces g : E1 →
E1(KX). 
Remark 8.7. For such a sheaf E1 as in Claim 8.6, there is a subsheaf E2 of E1 such that
E1/E2 ≃ C and that Hom(E2, E2(KX))◦ 6= 0.
Proof. Take a nonzero element g of Hom(E1, E1(KX))
◦. Let p be a closed point in X such that
E1 is locally free at p. By standard linear algebra, the linear map g ⊗ k(p) : E1 ⊗ k(p) →
E1(KX)⊗ k(p) has an invariant quotient vector space of rank one, say Q(p). When we define
E2 to be the kernel of a natural surjection E1 → E1⊗k(p)→ Q(p), g induces a homomorphism
g : E2 → E2(KX). 
Fact 2.10, Claim 8.6 and Remark 8.7 complete the proof of Proposition 8.1. 
Proposition 8.8. Let X be arbitrary nonsingular projective surface such that KX is nef. Fix
a (finite) polyhedral cone S in the closure of the ample cone Amp(X) of X such that S ∩
∂Amp(X) ⊂ RKX . For an ample line bundle H on X, let M¯H(c1, c2) denote the moduli
scheme of H-semistable rank-two sheaves with fixed Chern classes (c1, c2) ∈ Pic(X)× Z. If H
belongs to S and if 4c2− c21 is sufficiently large w.r.t. X and S, then MH(c1, c2) is normal, and
M¯H(c1, c2) is irreducible.
Proof. Fix an ample line bundle H0 ∈ S, and H be an ample line bundle lying on the line
segment connecting H0 and KX . By [14], M¯H0(c1, c2) is irreducible when c2 is sufficiently large
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w.r.t. (X,H0, c1). We put
AH0(c1, c2) = {E ∈ MH(c1, c2)
∣∣ Ext2(E,E)0 6= 0}.
The number of moduli of AH0(c1, c2) is less than 3c2+C
√
c2+C, where C is a constant depending
only on (X,H0, c1) by [28, Lemma 1.3]. Similarly to [36, Lem. 2.2], one can verify the following:
Let PH(H0) ⊂ M¯H(c1, c2) be the set of H-semistable sheaves that is not H0-semistable, and let
PH0(H) ⊂ M¯H0(c1, c2) be the set H0-semistable sheaves that is not H-semistable. Then both
dimPH(H0) and dimPH0(H) are less than 3c2 + B
√
c2 + B, where B is a constant depending
only on (X, c1, H0). Combining these facts, we obtain this proposition. 
9. When E applies to Case II and is locally free
In this section, we works in Setting 9.1, and show Theorem 1.4.
Setting 9.1. X satisfies that d = 1 and Λ(X) = 2. E ∈M(c2) satisfies Ext2(E,E)0 6= 0, applies
to Case II in Fact 2.11, and is locally free.
Fact 9.2. ([3]) (a) If F is a torsion-free OX-module, then it is flat over P1.
(b) Put ωX/P1 = ωX ⊗ ω−1P1 . If F , G is flat over P1, then
HomP1(Ext
1
pi(G,F),OP1) ≃ Hompi(F ,G ⊗ ωX/P1).
Lemma 9.3. (1) Suppose E ∈ M(c2) applies to Case II in Fact 2.11. Then any nonzero
homomorphism f ∈ Hom(E,E(KX))0 satisfies f 2 = 0, so we get an exact sequence
(9.1) 0 −→ F = Ker(f) = O(D)⊗ IZ′ I−→ E P−→ G = Im(f) = O(−D)⊗ IZ −→ 0,
inclusion ι : G →֒ F (KX), and a positive divisor B ⊂ X such that 2D +KX −B = 0. It holds
that (KX−B) ·O(1) > 0 or that (KX−B) ·O(1) = 0 and l(Z ′) > l(Z). In addition, the natural
map Hom(IZ ,O(B)⊗ IZ′) = Hom(G,F (KX))→ Hom(E,E(KX))0 is isomorphic.
(2) Conversely, if a torsion free sheaf E is decomposed as in (9.1) satisfying all conditions in
(1), and if (9.1) does not split at the generic fiber Xη, then E is stable with respect to any
c2(E)-suitable ample line bundle.
Proof. Suppose f 2 6= 0. Then one can describe Eη¯ as in (5.2). Natural map F− → ν∗0E → G+
induces the splitting of (5.2)η¯, so Eη¯ should be decomposable. Thereby f
2 = 0. It is easy to
check the left of the proof. 
Lemma 9.4 (16/11/3, 12/3). In Setting 9.1, one can describe the torsion parts and the pure
parts of the following natural exact sequences.
(9.2) Ext1pi(G,F )

// Ext1pi(G,E)

// // Ext1pi(G,G)

Ext1pi(E,F )

// Ext1pi(E,E)

// // Ext1pi(E,G)

Ext1pi(F, F ) // Ext
1
pi(F,E) // // Ext
1
pi(F,G)
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(9.3) Ext1pi(G,F (KX))

// Ext1pi(G,E(KX))

// // Ext1pi(G,G(KX))

Ext1pi(E,F (KX))

// Ext1pi(E,E(KX))

// // Ext1pi(E,G(KX))

Ext1pi(F, F (KX)) // Ext
1
pi(F,E(KX)) // // Ext
1
pi(F,G(KX))
Here we put l′BZ = min
{
l
∣∣ h0(O(2KX − B + lf)⊗ IZ) 6= 0}.
(a) purExt1(G,F ) = O(l′BZ − 2).
(b) purExt1pi(E, F ) ≃ O(−d) = R1π∗(OX).
(c) torExt1pi(E,E)→ torExt1pi(E,G) is surjective.
(d) purExt1pi(E,G) = O(−2).
(e) l(torExt1pi(E,G)) = 3l(Z).
(f) torExt1pi(E,G)→ torExt1pi(F,G) is surjective.
(g) Ext1pi(E, F (KX))→ Ext1pi(E,E(KX)) is injective.
(h) Hompi(E,G)→ Hompi(E, F (KX)) is isomorphic.
(i) Hompi(E,E(KX))→ Hompi(E,G(KX)) is surjective.
(j) I∗ : Hompi(E,E(KX))→ Hompi(F,E(KX)) is surjective.
(k) Hompi(F,G(KX)) = O(−l′BZ).
Proof. (a) HomP1(Ext
1
pi(G,F ),OP1) ≃ HomP1(F,G(KX))⊗K−1P1 = O(2 − l′BZ) by the below-
mentioned (k) and Fact 9.2(b).
(b) rk(purExt1pi(E, F ) = 1 from Setting 9.1. By comparing their ranks, one can check that
purExt1pi(E, F ) → purExt1pi(F, F ) is isomorphic, and purExt1pi(F, F ) = R1π∗(OX) = O(−d)
by [4, III.11.2, V.12.2].
(c) From (j), natural sequence
0 −→ Hompi(G,E(KX)) −→ Hompi(E,E(KX)) −→ Hompi(F,E(KX)) −→ 0
is exact. From Fact 9.2, natural sequence
(9.4) 0 −→ purExt1pi(E, F ) −→ purExt1pi(E,E) −→ purExt1pi(E,G) −→ 0
is exact. Next, Hompi(F,E(KX)) → Hompi(F,G(KX)) is zero map since E applies to Case II,
so Hompi(G,G)→ Hompi(E,G) is isomorphic. This decomposes as
Hompi(G,G) ≃ π∗(OX) Id−→ Hompi(E,E) P∗−→ Hompi(E,G),
and thereby P∗ is surjective. Hence
0 −→ Ext1pi(E, F ) −→ Ext1pi(E,E) −→ Ext1pi(E,G) −→ 0
is exact. This, (9.4) and the Snake lemma deduce (c).
(d) HomP1(Ext
1
pi(E,G),OP1) ≃ Hompi(G,E(KX))⊗O(2) ≃ Hompi(G,F (KX)) = π∗(O(B))⊗
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O(2) = O(2) by Fact 9.2, Setting 9.1, and Lemma 9.6 (a).
(e) From Setting 9.1, Hompi(E,G) ≃ Hompi(G,G) = OP1 , hom(E,G) = hom(G,G) = 1,
ext2(E,G) = hom(G,E(KX)) = hom(G,F (KX)) = h
0(O(B)) = 1. Hence ext1(E,G) =
−χ(E,G) + hom(E,G) + ext2(E,G) = 3l(Z)− 2d+ 2 = 3l(Z), and
h0(torExt1pi(E,G)) = h
0(Ext1pi(E,G))− h0(purExt1pi(E,G)) = ext1(E,G)
− h1(Hompi(E,G))− h0(purExt1pi(E,G)) = 3l(Z)− h1(OP1)− h0(OP1(−2)) = 3l(Z).
(f) In the third column of (9.2), the rank every components is one since E applies to Case II.
Thereby the image of Ext1pi(G,G) → Ext1pi(E,G) is torsion sheaf, and then purExt1pi(E,G) →
purExt1pi(F,G) is isomorphic. One can verify (f) from the Snake lemma.
(g) This results from the below-mentioned (i).
(h) From Lemma 9.6,Hompi(E, F (KX)) ≃ Hompi(G,F (KX)) = π∗(O(B)) = OP1 ,Hompi(E,G) ≃
Hompi(G,G) = π∗(O) = OP1 , and hence they are isomorphic.
(i) In the natural commutative diagram
(9.5) π∗OX(KX) //
Id

Hompi(G,G(KX))
P ∗

Hompi(E,E(KX))
P∗ // Hompi(E,G(KX)),
P ∗ is injective between rank-one line bundles, so Cok(P ∗) is a torsion subsheaf of torsion-
free sheaf Hompi(F,G(KX)), and thereby P
∗ is surjective. Since the upper vertical arrow is
isomorphic, P∗ is surjective.
(j) Since E applies to Case II, Hompi(F,E(KX))→ Hompi(F,G(KX)) is zero map, so
Hompi(F, F (KX))→ Hompi(F,E(KX)) is isomorphism. This decomposes as
Hompi(F, F (KX)) = π∗(OX(KX)) Id−→ Hompi(E,E(KX)) I
∗−→ Hompi(F,E(KX)),
and tereby I∗ is surjective.
(k) Hompi(F,G(KX)) = π∗(O(2KX −B)⊗ IZ) = O(−l′BZ). 
Lemma 9.5. Let U = {Ui} be an open affine cover of X, and let γ be an element of the Cˇech
cohomology Hˇ1(U , HomX(E,E)0) ⊂ Ext1(E,E)0. Suppose that f ∈ Hom(E,E(KX))0 satisfies
f 2 = 0, so we have I, P, B, and ι similarly to Lemma 9.3, and tr
(
I∗(ι ◦ P )∗(γ)
) ∈ H1(KX).
Then f ∗(γ) + f∗(γ) = tr
(
I∗(ι ◦ P )∗(γ)
) · Id in Ext1(E,E(KX)).
Proof. γ is represented by a Cˇech cocycle {Γij ∈ H0(Uij , Hom(E,E)0)}. It suffices to verify
that
(9.6) f ∗(Γij) + f∗(Γij) = tr
(
I∗(ι ◦ P )∗(Γij)
) · Id in H0(Uij , Hom(E,E(KX))).
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Since E is torsion free, it suffices to verify (9.6) on U ′ij := Uij \Supp(Z). On U ′ij , one can choose
the local trivialization of E so as
Γij =
(
p q
r −p
)
, f =
(
0 a
0 0
)
, I =
(
1
0
)
, ι ◦ P = (0 a).
Then f ∗(Γij) + f∗(Γij) =
(
ar 0
0 ar
)
and tr
(
I∗(ι ◦ P )∗(Γij)
)
= ar, and thereby (9.6) holds on
U ′ij . 
Lemma 9.6. We have the following in Setting 9.1.
(a) B =
∑2
i=1 niFi (0 ≤ ni ≤ mi − 1).
(b) H0(O(2KX −B + f)⊗ IZ) = 0.
(c) 1−∑i 1mi (ni + 1) ≥ 0. Especially, 1/2 ≥ (ni + 1)/mi for i = 1 or 2.
(d) hom(E,E(KX))
0 = 1, that is, k = 1 at (1.1).
(e) rk (ι∗ : torExt
1
pi(E,G) −→ Ext1pi(E, F (KX))) equals the number R in (1.2).
Proof. (a) This is because (KX −B) · O(1) ≥ 0 since E is stable, and (KX − f) · O(1) < 0 since
d = 1. (b) Since (9.1)η does not split and purExt
1
pi(G,F ) = O(l′BZ − 2) by Prop. 9.4, it
follows that l′BZ ≥ 2.
(c) This is because (KX − B) · O(1) ≥ 0, since E is stable.
(d) Since E is of Case II, hom(E,E(KX)) ≤ hom(G,G(KX))+hom(E, F (KX)) = h0(O(B)) = 1
by (9.5).
(e) From (b) and (d) in Lemma 9.4 and (9.4), H0(purExt1pi(E,E)) = 0, so there is an exact
sequence
0 −→ H1(Hompi(E,E)) −→ Ext1(E,E) −→ H0(Ext1pi(E,E)) = H0(torExt1pi(E,E)) −→ 0.
For h1(KX) = q(X) = 0, R equals the rank of f∗ : Ext
1(E,E)→ Ext1(E,G)→ Ext1(E,E(KX))
by Lemma 9.5. The natural map Hompi(G,G)→ Hompi(E,G) is isomorphic from Setting 9.1,
so H1(Hompi(E,E)) → H1(Hompi(E,G)) ≃ H1(Hompi(G,G)) = H1(OP1) = 0 is zero map.
Thus we get (e). 
Proposition 9.7. In Setting 9.1, it holds that R ≥ l(Z)− l(Z ∩ B) ≥ 1.
Proof. From Lemma 9.4 (c), (g) and Lemma 9.6 (e),
R = rk
(
ι∗ : torExt
1
pi(E,G) −→ Ext1pi(E, F (KX))
)
.
In the following natural diagram, the second row is exact and the first row is injective.
(9.7) Hom(F, F (KX)/G)


H0(torExt1pi(F,G))
H0(Hompi(E, F (KX)/G))
OO
// H0(torExt1pi(E,G))
OO
ι∗ // H0(torExt1pi(E, F (KX)))
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This is because the exact sequence
Hompi(E, F (KX)/G) −→ torExt1pi(E,G) −→ torExt1pi(E, F (KX))
consists of zero-dimensional sheaves, and Hom(F, F (KX)) ≃ H0(O(KX)) = 0.
Now we take α0 ∈ Hom(F, F (KX)/G) = H0(O(KX) · (OX/τBIZ)). By the homomorphism
(1, 1)→ (1, 2) in (9.7), regard α0 as an element of (1, 2). Some inverse image α′ ∈ (2, 2) of α0
exists since the homomorphism (2, 2) → (1, 2) is surjective by Lemma 9.4 (f). If ι∗(α′) = 0,
then we have an inverse image β ∈ (2, 1) of α′ by the homomorphism (2, 1) → (2, 2). The
image of β by (2, 1)→ (1, 1) equals α0. One can locally describe the ideal IZ = 〈f, g〉, and then
F ⊂ E are locally described as (f,−g) : O ⊂ O⊕2, and so α0 ∈ H0(O(KX) · (IZ/τBIZ)). As a
result,
rk(ι∗) ≥ dimCok
(
H0(O(KX) · (IZ/τBIZ)) →֒ H0(O(KX) · (OX/τBIZ))
)
.
The local generator τB of IB gives an inclusion τB · OZ = 〈τB〉/τBIZ →֒ OZ/τBIZ since Z is
zero-dimensional. The above inequality implies that
rk(ι∗) ≥ h0(〈τB〉/τBIZ)− h0(IZ ∩ 〈τB〉/τBIZ) = l(〈τB〉/IZ ∩ 〈τB〉).
It follows that R ≥ l(Z)− l(Z ∩ B) from this and the next exact sequence:
0 −→ 〈τB〉/IZ ∩ 〈τB〉 −→ OZ −→ OX/IZ + 〈τB〉 = OZ∩B −→ 0.
Now suppose that l(Z) = l(Z∩B). Then τB ∈ IZ and so H0(O(2KX−2B+ f)) ⊂ H0(O(2KX−
B + f) ⊗ IZ). Notice that H0(O(2KX − 2B + f)) 6= 0. Indeed, one can assume that 1/2 ≥
(n1 + 1)/m1, that is, m1 − 2n1 − 2 ≥ 0 from Lemma 9.6 (c), and m2 − n2 − 1 ≥ 0 by Lemma
9.6 (a). Thus 2KX − 2B + f = f+
∑
i(mi − 2ni − 2)Fi = (m1 − 2n1 − 2)F1 + 2(m2 − 1− n2)F2
is effiective, and thereby H0(O(2KX − B + f) ⊗ IZ) 6= 0. However this contradicts to Lemma
9.6 (b). 
Lemma 9.8. In Setting 9.1, R = l(Z)− hom(E, F (KX)|B).
Proof. From Lemma 9.4 (h), we have an exact sequence
0 −→ Hompi(E, F (KX)/G) −→ torExt1pi(E,G) −→ Ext1pi(E, F (KX)).
This and Lemma 9.6 (e) deduce that R = 3l(Z) − hom(E, F (KX)/G). Since F (KX)/G =
F (KX)⊗OX/τB ·IZ , hom(E, F (KX)/G) = hom(E, F (KX) ·OZ)+hom(E, F (KX)|B) = 2l(Z)+
hom(E, F (KX)|B). 
Proposition 9.9. (1) In Setting 9.1, the following holds when l(Z)− l(Z ∩B) = 1:
We decompose a l.c.i. scheme Z as Z = Z0 ⊔ Z1 ⊔ Z2, where Z0 ∩ Fi = ∅, and Zi ⊂ Fi for
i = 1, 2 as sets. Then Z1 ∪ Z2 ⊂ B as schemes and l(Z0) = 1. Moreover, H0(O(2KX − B) ⊗
IZ1∪Z2) = 0, KX − B ∈ 2 Pic(X), and (KX − B) · O(1) > 0.
(2) Conversely, suppose Z and B satisfies all conditions in (1) and especially that l(Z)− l(Z ∩
B) = 1. Then there is a locally free sheaf E accompanied with an exact sequence (9.1) that does
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not split on the generic fiber Xη. Such a sheaf E satisfies Ext
2(E,E)0 6= 0, applies to Case II
in Fact 2.11, and R = 1.
Proof. (1) Denote Z ∩B by Z ′ = Z ′1 ⊔ Z ′2. Set-theoretically, we have Supp(IZ′/IZ) = {q} with
some point q. Remark that
(9.8) mq · (IZ′/IZ) = 0.
Indeed, Z is an Artinian scheme, so mLq · (IZ′/IZ) = 0 for some natural number L, but this can
not hold if mq · (IZ′/IZ) 6= 0 since l(IZ′/IZ) = 1.
Suppose that Z0 = ∅. From Lemma 9.6 (c), 1/2 ≥ (ni + 1)/mi for i = 1 or 2. We assume
that it holds for i = 1, so m1 − 2− n1 ≥ n1 and 2m2 − 2− n2 ≥ n2, and then
(9.9) τm1−2−n1F1 ∈ 〈τn1F1 〉 ⊂ IZ′1 and τ 2m2−2−n2F2 ∈ 〈τn2F2 〉 ⊂ IZ′2 .
Because 2KX − B + f = (m1 − 2− n1)F1 + (2m2 − 2− n2)F2,
τm1−2−n1F1 · τ 2m2−2−n2F2 ∈ H0 (O(2KX − B + f)⊗ IZ′) .
From Lemma 9.6 (b), it should holds
(9.10) τm1−2−n1F1 6∈ IZ1 and τ 2m2−2−n2F2 6∈ IZ2 .
First suppose that τm1−2−n1F1 6∈ IZ1. From (9.8) and (9.9), it holds that q ∈ F1, Z ′1 6= Z1,
m1 − 2− n1 = n1 and Z ′2 = Z2. Then
(9.11) τ 2m1−2−n1F1 ∈ IZ1 and τm2−2−n2F2 ∈ IZ′2 = IZ2 .
Indeed, one can check that 2m1 − 3 − n1 ≥ n1, and so τ 2m1−2−n1F1 ∈ 〈τn1+1F1 〉 ⊂ τF1 · IZ′1 ⊂ IZ1
from (9.8). One can verify the right equation similarly to (9.9), since (n2 + 1)/m2 ≥ 1/2 by
Lemma 9.6. Because 2KX −B + f = (2m1 − 2− n1)F1 + (m2 − 2− n2)F2,
τ 2m1−2−n1F1 · τm2−2−n2F2 ∈ H0 (O(2KX − B + f)⊗ IZ) .
This contradicts to Lemma 9.6 (b). By (9.10), τ 2m2−2−n2F2 6∈ IZ2 . Then it should holds that
2m2−2−n2 = n2 from (9.9), but this contradicts to Lemma 9.6 (c). Therefore we conclude that
Z0 6= ∅. At the end, we remark that H0(O(2KX−B)⊗ IZ1∪Z2) = H0(O(2KX−B+ f)⊗ IZ) = 0
by Lemma 9.6 (b).
(2) It holds that H0(O(2KX−B+ f)⊗IZ) = 0, and so there is a sheaf with extension (9.1) such
that (9.1)η does not split by Lemma 9.4 (a). H
0(O(2KX − B) ⊗ IZ′) = 0 for any subscheme
Z ′ ⊂ Z with l(Z ′) = l(Z) − 1, and so there is a locally free sheaf accompanied with an exact
sequence (9.1) by the Serre correspondence [21, Thm. 5.1.1]. Both of these conditions are open
in the family of sheaves with exact sequences (9.1), so we can find a sheaf E satisfing both
conditions.
Now we shall show that R = 1 for such E. Since Z12 ⊂ B as schemes, we have a natural
exact sequence
0 −→ CNZ12/B := IZ12/IB −→ OB −→ OZ12 −→ 0, which induces
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(9.12) 0 −→ HomB(OB,O(B)|B) −→ HomB(CNZ12/B,O(B)|B)
−→ Ext1B(OZ12 ,O(B)|B) −→ Ext1B(OB,O(B)|B).
By duality theorem [18, Sect. 3.11.], ext1B(OZ12 ,O(B)|B) = h0(OZ12⊗O(KX)|B) = l(Z12). From
Fact 2.8 hom(OB,O(B)|B) = 0. It follows that ext1B(OB,O(B)|B) = 0, since χ(B,O(B)|B) =
χ(X,O(B)|B) = 0. Therefore we get homB(CNZ12/B,O(B)|B) = l(Z12) from (9.12). Since
Z12 ⊂ B as schemes, a surjection E → G = OX(−D) ⊗ IZ induces a surjection E|B →
O(−D)⊗ CNZ12/B, and thereby
hom(E, F (KX)|B) ≥ hom(O(−D)⊗ CNZ12/B, F (KX)|B)
= hom(CNZ12/B,O(B)|B) = l(Z12).
From this and Lemma 9.8, R ≤ l(Z) − l(Z12) = 1, and from Proposition 9.7, R ≥ 1. We get
R = 1 consequently. 
Proposition 9.10. For fixed integer c, there actually exist Z and B such that l(Z) = c and
that all conditions hold in Proposition 9.9 (1) in the following cases. As a result, there actually
exist stable sheaves E such that c2(E) = c and all conditions in Proposition 9.9 (2) hold.
(1) Both m1 and m2 are odd, (m1, m2) 6= (3, 3) and c ≥ (m1 + 1)/2.
(2) m1 is odd, m2 6= 2 is even, and c ≥ (m1 + 1)/2.
(3) m1 ≥ 6 is even, m2 6= 3 is odd, and c ≥ 2⌊m1/4⌋+ 2.
(4) Both m1 and m2 are even, (m1, m2) 6= (4, 4), (6, 6) and c ≥ (m1/2) + 2.
Proof. B and Z1 ∪ Z2 ⊂ B satisfies ”Moreover” paragraphs in Proposition 9.9 (1) if and only
if the following (a)–(e) are valid:
(a) 1 >
∑
i(ni + 1)/mi. (b) For some i, mi < 2(ni + 1), that is, ni ≥ ⌊mi/2⌋ for some i.
(c) KX − B ∈ 2 Pic(X). (d) Z1 ⊂ n1F1 and Z2 ⊂ n2F2 as subschemes.
(e) Z1 6⊂ (m1 − 2− n1)F1 or Z2 6⊂ (m2 − 2− n2)F2.
Here (b) is equivalent to saying that h0(O(2(KX − B))) = 0, that is valid if Z1 ⊂ Z2 ⊂ B and
H0(O(2KX −B)⊗ IZ1∪Z2) = 0.
(1) We can assume that m1 ≤ m2. We put n1 = ⌊m1/2⌋ = (m1 − 1)/2, and put n2 = 1 if
m1 ≡ 1 (mod 4), and n2 = 0 if m1 ≡ 3 (mod 4). Then one can check B satisfies (a), (b), (c)
if (m1, m2) 6= (3, 3). Since m1 − 2 − n1 < n1, there is a l.c.i. subscheme Z ′1 ⊂ n1F1 such that
l(Z ′1) = m1−1−n1 and that Z ′1 6⊂ (m1−2−n1)F1. Using it, one can readily find B and Z ⊃ Z ′1
such that l(Z) = c satisfing all conditions in Proposition 9.9 (1) if c ≥ m1 − n1 = (m1 + 1)/2.
One can verify (2)–(4) similarly to (1). In case of (2), we can put n1 = ⌊m1/2⌋ = (m1− 1)/2
and put n2 = 1. In case of (3), we can put n2 = 0 and let n1 be the smallest odd integer such
that n2 ≥ ⌊m1/2⌋, that is, 2⌊m1/4⌋+ 1. In case of (4), we can put n1 = m1/2, n2 = 1 if 4 6 |m1
and n2 = 0 if 4|m1. 
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